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The context: three equivalent problems
@ (Hsiang, 1967) Classify all zero mean curvature cones given by a
homogeneous polynomial degree three equation u(z) = 0 in R™.
@ To find all homogeneous degree three polynomial solutions of
iVu(z) - V(|Vu(z)?) — |Vul*Au = 0{z; z)u(z)
@ (V.T.) Classify commutative nonassociative metrized algebras on R™ with

4z (z(zz)) + (22)(v2) — 20(z; 2) (22) — 30(2T;2)T = 0, (1)
tr L, = 0.

Definition
A commutative algebra with an invariant form (i.e. (zy;z) = (x; zy)) satisfying
(1) is called a Hsiang algebra.

A correspondence between (2) and (3):

u(z) = é<l’;$2> s a ‘composition law" zy = Hessu(z)y
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A toy example: several faces of E,

A solution of the PDE in R? is given by u(z1,22) = § (2§ — 323x;) (describes a
minimal Steiner tree in R?). Then

Hess u(z) = ( 722 :ii ) = L(z), trL(z)=0, ®

($1,$2) (ylayQ) = (x1y1 — T2Y2, —T2Y1 — ﬂflyz) = (991,$2) : (yl,yz),

where - is the complex number multiplication on R? = C, i.e. A(u) is the algebra
of para-complex numbers. The bilinear form (x;y) := Re(Z - y) is invariant:

(wy;2) == Re((z-§) - 2) = Re(z -y - 2) = (3 29).
Au) = C~E, (the Harada or a simplicial algebra) and
Tr=7-T =717 r(zx) =22 -7 = |z|°z
z(z(zz)) = |z?22, (zx)(zz) = 2
therefore satisfies the Hsiang identity for § = 5
dz(z(zz)) + (v2)(22) — 20(2; 2) (22) — §0(2W; )2
=4|xz? + 2t = 3lz)Pr? — (@3 +73) -2 = 0.
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A cubic form u on a IK-vector space V is a map V' — KK which is homogeneous of
degree 3 and which extends to arbitrary scalar extensions K¢ by

u(g w;x;) E wiu(z;) + E w? swiu(T; ;) E wiwjwrw(T;; T T)
% i#£] i<j<k

where u(z;y) is quadratic in x, linear in y, u(z;y; z) is symmetric and trilinear.

Definition
An algebra A with a non-degenerate invariant symmetric bilinear form (;) is called
metrized. Given metrized algebra, we define the defining form u(z) = & (zw;z).

An important observation
The multiplication (x,y) — xy is uniquely determined by the defining form:

u(x;y; z) = h(zy, 2) for any z € A.

v

Equivalently, the structure constants a;;x in any ON-basis {e;} of A are defined by

eiej =eje; = E aijkCh, where  u(x) = E il Ti T T (3)
k 1<4,j,k
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If ¢ is an idempotent in a commutative metrized algebra A then L(c) is
diagonalizable: there exists an orthogonal (‘Peirce’) decomposition relative to ¢

A= @AC()\Z)v L(C) = )\2 idAc()\i), 1 < ) < s.

An important tool is the fusion laws (i, j) — i x j € 2N+ between the blocks:
Ac(Mi)Ae(Ny) © €D Ac).

Any Hsiang algebra satisfy the following fusion laws

(the hidden Clifford structure ):
* 1 -1 -1 i
1 1 -1 -3 2
-1 | -1 1 i —-1o1i
—3 | 2 2| le—3 “leg
i -tel | 1e-% | 1e-1e-4
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If ¢ is an idempotent in a commutative metrized algebra A then L(c) is
diagonalizable: there exists an orthogonal (‘Peirce’) decomposition relative to ¢

A= @AC()\Z)v L(C) = )\2 idAc()\i), 1 < ) < s.

An important tool is the fusion laws (i,7) — i x j € 2 between the blocks:

A(‘(AZ)A(‘()\]) C @ AC(Ak)

k€ixj

Any Hsiang algebra satisfy the following fusion laws

(the hidden Jordan structure ):
* 1 -1 -1 i
1 1 -1 -3 2
-1 -1 1 i —-1o1i
S iEem] el
i -tel | 1e-% | 1e-1e-4
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Example 1

Pseudo-composition algebras (Meyberg, Osborn, Walcher etc):
3 = h(z,r)r

with an invariant bilinear form h. Under an additional assumption tr L(z) = 0,
any pseudo-composition algebra is Hsiang.

Example 2
Elduque and Okubo (2000) studied commutative algebras satisfying

and proved an existence of an invariant bilinear form h such that N(z) = h(22,z).
Again, under an additional assumption tr L(z) = 0, any such an algebra is Hsiang.

Example 3

Given a simple cubic Jordan algebra A and its subalgebra B, the contraction of
the algebra structure onto B (with respect to the generic trace form of A) is a
Hsiang algebra.
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Polar vs exceptional algebras

A metrized Zo-graded algebra A = Ay @ A, is said to be polar if AgAg = {0} and

.’Eo(l'oxl) = h(xmxo):vl, Xo € Ao,.’El € Al.

Theorem (V.T. 2010)

Any polar algebra is canonically associated with a symmetric Clifford system (this
yields an effective classification). Polar algebras exist in almost all dimensions.

Polar algebras Symmetric Clifford
/ systems
Hsiang
algebras
\> Exceptional algebras | «— ?

Theorem (Nadirashvili, Vladuts, V.T. 2014) J

There are only finitely many dimensions n where exceptional algebras can exist.

Vladimir G. Tkachev 25 (9 of 28)



Mutants
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Mutants

A borderline case of polar algebras, called mutants, share important properties of
exceptional algebras. Given a unital composition algebra H; over IK, with unity e,
conjugation z, norm n(z), dimg Hy = d € {1,2,4,8}, a mutant is the tripling

TI‘i(Hd) =HyxHg;xH;=Vi®Vod V3
with commutative multiplication
(1,2, 23) * (Y1,Y2,Y3) = (T3Y2 + Y3T2, T1Y3 + Y173, T2Y1 + Y2T1)

and an invariant bilinear form H((x1,x2,x3), (y1,Y2,¥3)) = Zle t(Z;y;), where
t(x) = n(z + e) — n(x) — n(e) is the trace form (‘the real part’). Note that

ViVi =0, ViVi =Vi
(cf. the concept of Cartan'’s triality)
Proposition (D. Fox, V.T., 2024)

Tri(H,) is a polar algebra w.r.t. to any of the three decompositions Vj, & V.-
The corresponding defining form u(x) = u(x1, x2, 23) = t(z1(x223)).
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The simplicial algebra [Eg

[Es is the 3-dimensional algebra over KK generated by four Co
idempotents c;, 0 < i < 3, subject to the conditions: )v
., c
(Ci+Cj)2:O < GGy :7%(C¢+Cj), Z#]. - 621
Proposition

@ Ej is a Hsiang algebra (a mutant), metrized with respect to the natural
(Killing) form h(z,y) := tr L(x)L(y) with the Peirce decomposition
Es = Aw(l) S Aci(_%)’ dlmAcz(_%) =2
9 E; = Tri(H;) = Tri(K).

© The corresponding eigencubic is ug, = 12223, and the minimal cone is the

triple of coordinate planes in R3.
Q@ Aut(E3) = Sy (permuting the four idempotents).

Remark. Ej is one of two Hsiang algebras having finite number of idempotents

and therefore a finite automorphism group!
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Basic facts on Hsiang algebras

The set of nonzero idempotents in any Hsiang algebra A is nonempty and all idempotents have the same
length and the same fusion laws. In particular, for any idempotent ¢, the associated Peirce decomposition is

A= A1) ® Ac(-1) @ Ac(-1) @ A(D)
e ——— e N —

dim=1 dim=ny dim=ng dim=ng
e Ac(1) @ Ac(—1) is a subalgebra. It carries a hidden Clifford algebra structure, n; = dim A.(—1)
o Ac(1) @ Ac(—2) is a subalgebra. It carries a hidden rank 3 Jordan algebra structure, ny = dim Ac(—3).
e A is exceptional if and only if A.(1) @ Ac(—31) is (isotopy of) a simple Jordan algebra. In this case, either
ng = 0 or ng = 3d + 2 and the hidden simple Jordan algebra is Hermgs(Hg), d € {1, 2, 4, 8}.
e A is mutant iff no = 2, this corresponds to d = 0.
e A is exceptional or mutant iff tr L(x)? = m(z; z) for some real m. In this case, m = 2(n1 +d + 1).

e There are finitely many dimensions n of A where exceptional Hsiang algebras can exist. Except the case
ng = 0, in all other cases, dim A = 3(n1 + 2d + 1), where dimAC(—%) =3d+2,de€{0,1,2,4,8}.

n 2 5 8| 14| 26| 3 6 12| 24 9 12| 21| 15| 18| 30| 42| 27| 30| 54

nyl 1| 2| 3| 5| 9 0 1 3 7 0 1 4 ] 1 5 9 0 1 1

ngl 0 0 0 0 0 2 2 2 2 5 5 5 8 8 8 8 14| 14| 26

d = =| =| = = 0 0 0 0 1 1 1 2 2 2 2 4 4 8
The colours correspond to ) and cases.
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An important tool to study a bilinear form is to diagonalize it. For cubic forms the
situation is more subtle. In the context of metrized algebras, there are at least two
distinguished ways to write u(z) in some orthonormal coordinates in R™:

@ Normal form:

u(@) = +3 (=1 [g*~5 - [nl+5 - [C1P)a1 + (& n,¢) -

the Peirce decomposition fusion laws

Here z = (0, 1) corresponds to an idempotent in A(u), see for example (2).

@ Steiner form:

u(z) = Z €a  (TorTasTas) o € K.
—_——

o€l the skeleton idempotents

where B a partial Steiner triple system (PSTS) on IN,,. Not every cubic

form admits a Steiner form. But, for a Hsiang eigencubic, if a Steiner form

exists then the coefficients €, must be +1.
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Example: the determinant eigencubic in 9D

The following are Hsiang eigencubics in K6d+3 (Hsiang,1967; Hoppe, V.T., 2018):
ug(X) :=tr X3 X € Herm(Hg,4), trX =0, dec{1,2,4}

For d = 1, this provides an exceptional eigencubic u () in K which in some
orthonormal coordinates can be written as the determinant:

1 To I3 T1T5T9 + ToTeT7 + T3T4TS
u(x) =| x4 Ts Te |= —T1TeTY — T2T4Ty — T3T5T7,
T7 Ty Xy

a Steiner form

where the set of unordered triples

B ={(1,5,9),(2,6,7),(3,4,8), (1,6,8),(2,4,9), (3,5,7)}

. . . . . . . A handicap graph
is a regular partial Steiner triple system on INg with replication (Kovar, Kravéenko)

number 7 = 2. One can naturally assign to B a 4-regular ¢ 4 2017
graph (two vertices i, j are incident iff {4, j,*} € B ):
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Example: the determinant eigencubic in 9D

The following are Hsiang eigencubics in K6d+3 (Hsiang,1967; Hoppe, V.T., 2018):
ug(X) :=tr X3 X € Herm(Hg,4), trX =0, dec{1,2,4}

For d = 1, this provides an exceptional eigencubic u () in K which in some
orthonormal coordinates can be written as the determinant:

Ty X2 T3 T1X5T9 + L2Tel7 + T3X4T8
ui(z) =| T4 5 X |= —T1060Is — Tyl — TIT5T7,
7 Xg X9

a Steiner form

where the set of unordered triples

B=1{(1,5.9),(2,6.7),(3,4.8),(1,6,8), (2,4,9), (3,5,7)}

is a regular partial Steiner triple system on INg with replication ?Koiz?dif:véiaakgl;

number » = 2. One can naturally assign to B a 4-regular ¢t 4, 2017
graph (two vertices i, j are incident iff {4, j,*} € B ):
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Let IN,, := {1,...,n}. A collection B of triples from IN,,, so that each element
i € IN,, occurs in at least one triple and each unordered pair i # j occurs in at
most one triple of B, is called a PSTS.

Given a PSTS on IN,,, there is smallest subset R C N such that each i € IN,, is
contained in exactly » € R blocks; R is called the set of replication numbers. If
R = {r} then the PSTS is called regular.

Example
A 2-regular PSTS on Ng:

{(1,3,6),(1,4,5),(2,3,5), (2,4,6)},
A {2, 4}-regular on Nyg:

{(1,3,5),(1,4,6)(1,7,9),(1,8,10),(2,3,6), (2,4,5),(2,7,10),(2,9,8)}, (4)

The Fano plane on IN7,
{(1,2,3),(1,4,5),(1,6,7),(2,4,6),(2,5,7),(3,4,7),(3,5,6) },

is regular, » = 3 and, in fact, it is a Steiner triple ( all pairs
occur), such a triple exists iff n = 6k + 1 or 6k + 3.
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Steiner form

A cubic form u(z) on an inner product vector space (V, (;)), dimV = n, is said
to admit a Steiner form if there exist a PSTS B on IN,, and a basis ¢; such that

u(z) = Z oo, TasTay, x; = h(z,e), aq €K
aEB

An orthonormal basis {e;} of a metrized algebra (A, (;)) is said to be a Steiner
basis if e;e; = 0 for all ¢ and e;e; is proportional to some ey, for all 7 # j.
Proposition

Let (A, (;)) be a metrized algebra, (AA)L = 0. The defining form
up(z) = §(2?; ) admits a Steiner form if and only A admits a Steiner basis.

Proof follows from wp(x) = Zi’j’k<ei€j; ek)T;xjTk. To see that this is indeed a
Steiner form, suppose that there two terms x;x;x) and x;x;x,, appear in the
latter decomposition. Then both (e;e;; ex) and (e;e;; e.,) are nonzero, a
contradiction. Since (AA)+ = 0, then for any i: (e;A; A) = (e;; AA) # 0, hence
there exists j such that e;e; # 0. O
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Proposition (Skeleton idempotents)

Let {e;} be a Steiner basis of A.
Q If ejej = Aep, A # 0, then eje = Aeg and epe; = Ae;.
Q Ifa?=p2=~2=qafy=1then

€= Capn~ = (0e; + Pe; +ver)/2X

is a idempotent (called a skeleton idempotent) and (c;c) = 32 /4.
© The skeleton idempotents span A as a vector space.

© span(e;, ej, er) is a subalgebra of A isomorphic to Eg

Proof. If e;e; # 0 then e;e; = Aeg, A € KX, hence
(eiejrer) = (ejen;e;) = (epeise;) = A
implies that eje;, = Aeg and epe; = Aej. This yields
(ave; + Bej + ver)? = 2\(Bye; + ave; + afey) = 2X(ae; + Be; + yex).

The four distinct idempotents c, g, satisfy the axioms of Es.
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Corollary 1

Let A be a Hsiang algebra satisfying (1), {e;} be a Steiner basis of A and B the
corresponding PSTS. Then for a = 1/3/46

o — 0, ('L,j,k’)gB,
a9 = { +aey, (i,j,k) € B. (5)

and in some orthonormal coordinates uy = ) g £(Ta,TayTa;)

Corollary 2
For any s € N,, n = dimA,

L(es)?: A — W,
is the orthogonal projection onto Wy = span({e; : ejes # 0}). Moreover,

dim Wy = 2r, r € R is the replication number of s.
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[Es-complex: each triple

Loy TagLag

. L n=10
corresponds to a simplicail cell R ={2,4}
A=A, DA,

Es = span(ea; s €ass €as)

See (4) above for n = 10 =

Theorem

Let a Hsiang algebra A admit a Steiner form B on IN,,. Then ns > 2 and either of
the following holds:

@ A is exceptional or mutant, B is r-regular, where
r=n;+d+1, |B| = (n1 +d+1)(ny +2d + 1).

@ A is a polar algebra Ay & A, B is R-regular, where

R = {dimAg, 1 dimA,}, |B| = 1 dim Ay dim A,.
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Hsiang defining forms in 15 and 18 dimensions

A Steiner type form: n = 15,

B| = 15, replication number r =3

T1X6T15 — T1X9T14 + T1X10213 — T2T5X15 + L2Tgx14 — T2T10T12
+ T3X4T15 — T3X7T14 + T3T10T11 — T4TX13 + T4T9X12 + T5T7X13

— T5X9%11 — TeT7T12 + T6T8T11

A Steiner type form: for n = 18, |B| = 24, replication number r = 4

T1X5T9 — L1TeXg — T1X14X18 + L1T15T17 — T4XL2T9 + L7T2Xe
+ T13T2X18 — T16X2T15 + T4X3TY — T7T3X5 — T13T3X17 + L16X3T14
+ X4T11218 — T4T12%T17 — T10T5T18 + T16T12%5 + £10T6L17 — T16211T6

— 7211215 + T7T12214 + 101508 — T13T1208 — £10T14T9 + T13L11T9

For exceptional and mutant Hsiang cubics in general always holds true:

n-r

3

|B| =
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Example Hg

Hg ={(1,3,6),(1,4,5),(2,3,5),(2,4,6)} 4 6

U = T1T3Le—T1L4T5 + ToT3T5 + ToT4Tg

V= T1T3Le+T1T4T5 + T2X3T5 + L2X4Xg

The corresponding algebras are
A( ) TI‘I( ) ]EQ ®]E3
A(v) = Tri(CI(1,0)) =2 E3 @ CI(1, 0)
(Cl(1,0) is the algebra of split-complex numbers)

The corresponding graph is the octahedron:
(Note that not all trianglular faces are triples!)
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The sign decoration does matter!

The cubic forms

perm(A) = x125x9 + ToXely + T3T4xg + T1XTeTs + TaTaTg + T3T5T7,

det(A) = z1w509 + X2TelLy + T3XgXy — T1TeTg — ToLaLy — T3T5L7,

have the same Kllling invariant form tr L(z)L(y) but they give rise to
non-isomorphic algebras! More precisely,

Theorem (D. Fox 2020, D. Fox, V.T, 2025)
Det = 50(3,K) ® s50(3, K)
Perm 2 E3 ® Eg,

where E3 is the simplicial algebra. Moreover, Det and E3 are Hsiang algebras, but
not Perm.

v
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Existence of a triple decomposition

To any ‘Hsiang’ PSTS one can naturally associate a 2r-regular planar indirected
graph, but the converse is not true, because such a graph must additionally be a
disjoint union of triangles (corresponding to triples in B):

Another necessary condition for B to be Hsiang is
|B| =n-r/3. (6)

But not any PSTS satisfying (6) is Hsiang. For example, since for any idempotent
c in a Hsiang algebra, L(c) does not contain a zero eigenvalue, it follows from (5)
that any Es-face and any vertex of the associated graph are incendent.
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D. Fox, V.G. Tkachev, Algebraic constructions of cubic minimal cones,
Pure Appl. Funct. Anal., 2025 (to appear)

Thank you!
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