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Motivation

discretizations (quasi-deformations) of vector fields,
(quantum) g-deformations of finite-dimensional Lie
algebras and infinite-dimensional Lie algebras as Witt and
Virasoro algebras; g-deformed vertex operator models of
CFT; quantum field theory; quantization;

g-deformed Heisenberg (Weyl) algebras, quantum
oscillator algebras, quantum algebras, braided Lie algebras;

g-analysis, g-special functions;

g-deformations of differential and homological algebra,
non-commutative twisted differential calculi and geometry;

color Lie algebras and superalgebras (-graded e-Lie);
quantum physics and quantum field theory;
non-associative algebras;

non-commutative geometry and non-commutative analysis;

non-commutative probability and stochastic processes
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o-Derivations

A — (commutative) associative K-algebra with unity
c:A— A algebra endomorphism
o-derivations

® J,: A— A linear map

e twisted (deformed) Leibniz rule

Oy(a-b) = dy(a) - b+ o(a) - Oy(b)
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o-Derivations

Examples of o-derivations

e g-difference operator

(9 a)(x) = a(gx) — a(x)

(9ab)(x) = (0 a)(x)b(x) + a(gx)(9 b)(x)
o(a)(x) = a(gx)

Jackson g-derivative

(92)(x) = (Dga)(x) = 22)=2t)

(91ab)(x) = (92)(x)b(x) + a(4x)(2b)(x)
o(a)(x) = a(qx). lim Dg(a)(x) = a/(x)

General twisted difference operators)

Q C K any subset of a field, T:Q — Q
Any transformation without fixed points in Q
A any algebra of functions a on 2 such that

7(2)() = a(T() € A |
0, : alx) = AR — ({5-a) (x)
Oy ( b) = 0,(a) - b+ o(a) - 95(b)
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o-Derivations

o-derivations on UFD

Hartwig, Larsson, Silvestrov, Deformations of Lie algebras using o-derivations,

J. of Algebra, 295 (2006), 314-361, Preprint Institute Mittag-Lefler, 2003, Preprint Lund University 2003
Theorem 1 A is UFD (unique factorization domain)

4

Space of all o-derivations ©,(.A) is a free rank one .A-module
with generator

A _lid=0)  (id=0))

g g
where g = ged ((id —0)(A))
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Quasi-Hom-
Lie algebras of
twisted vector
fields

Quasi-Hom-Lie algebras of twisted (deformed) vector fields
Hartwig, Larsson, Silvestrov, Deformations of Lie algebras using o-derivations,

J. of Algebra, 295 (2006), 314-361, Preprint Institute Mittag-Lefler, 2003, Preprint Lund University 2003

A commutative algebra, o : A — A algebra endomorphism, A : A — A o-derivation,
Ann(A) = {a € A| aA = 0}, o-twisted vector fields A - A

Theorem 2 Bracket on A - A (well-defined if
a(Ann(A)) C Ann(A))

(a-A,b-A), = (0(a) - A)(b-A) — (a(b) - A)(a- A)

Closure (a- A, b-A), = (c(a)A(b) — o(b)A(a)) - A
Skew-symmetry (a- A, b-A), = —(b-A,a-A),

Twisted 6 term Jacobi Identity
If Aoo(a) = (5-aoA(a), for some ¢ € A, then Va,b,c € A:

> (<a (b-A,c-A)y) +0-(a-A, <b~A,C’A>a>U) =0

Oa,b,c

AisUFD = o6=28 " g=GCD(id - 0)(A)
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Quasi-Lie,
Hom-Lie,
quasi-Hom-
Lie, color
Hom-Lie

Quasi-Lie algebra

Quasi-Lie algebras were first introduced in
D. Larsson, S. Silvestrov, Quasi-Lie algebras, In: Jurgen Fuchs, et al. (eds), "Noncommutative Geometry and
Representation Theory in Mathematical Physics”, American Mathematical Society, Contemporary

Mathematics, Vol. 391, 2005.

(L7 <','>[_,Oé,,3,w,9)

1. Lis a linear space over F,

2. (-,-)r : Lx L— Lis a bilinear product or bracket in L;
3. a,8:L— L, are linear maps,
4

. w: Dy, — Lp(L) and 6 : Dy — Ly(L) are maps with
domains of definition D,,, Dy C L x L,

w-Symmetry Y(x,y) € D,
<X’y>L = w(va)<.ya X>L’
Quasi-Jacobi identity V(z, x), (x,y), (v, z) € Dy

Oxy.z L 0(z.x) (((x), (v, 2) )1 + Bix, (v, 2)1)1) } = 0
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Quasi-Lie,
Hom-Lie,
quasi-Hom-
Lie, color
Hom-Lie

Hom-Lie algebra

Hom-Lie algebras is special subclass of Quasi-Lie algebras
=0, w=-—id;, 6=id,

1. linearmapa:L— L
2. bilinear multiplication (bracket) (-, ), such that

o skew-symmetry (x,y)o = —(y.X)a
® Hom-Lie Jacobi identity Vx,y,z € L

Z <(Y(X)7 <}/7Z>Oé>a = O

OX,}/,Z
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Quasi-Lie,
Hom-Lie,
quasi-Hom-
Lie, color
Hom-Lie

Quasi-Hom-Lie algebras

(L7 <'7'>L7aaﬁaw)
1. Lis a linear space over field K
2. ()L : Lx L— Lis a bilinear map
3. a,B: L— L are linear maps
4. w: D, — End(L) is a map with domain of definition
D, C L x L taking values in linear operators on L

® (p-twisting) « is a [B-twisted algebra endomorphism:
(a(x),a(y))L =Boalx,y) Yxyel

°® (w-symmetry) <X7y>L :w(va)<y7X>L V(Xuy) € Dw
® Quasi-Hom-Lie Jacobi identity
V(z,x), (x,¥), (v, 2) € D.,

Oy { wlz.0) (@), (v, 2D+ Bix, v, 20 ) | =0
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Quasi-hom-Lie
algebras for
discretized
derivatives

g-Deformed Witt algebra Witt,

D,(A)=EPC-d,
nezZ
A=tDg =24 f(t) 7’(("?__{(”

o(t) = qt, o(f)(t) =f(qt), {n}q=%7
Skew-symmetric product. d, = —t"A

<dm dm> = qndndm - qmdmdn = ({n}q - {m}q)dn+m

Graded Hom-Lie algebra (L,, L) C Lytm
Hom-Lie algebra Jacobi-identity
> ((q"+1)dn, (dm, di)) =0

n,m,l

> <o¢(d,,), (dm, d/>> =0

On,m,/

a(ds) = (¢" + 1)d,
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(Virg,6) = (Wittq @ C-¢c,5) {dn:neZ}U{c}
G Virg — Virg, 6(dy) = q"dn, 6(c)=c

Quasi-hom-Lie

(dn, dm) = ({”}q - {m}q) dnym+
algebras for —n

discretized _|_5n+m’0 {n — 1}q{n}q{n + 1}qc

derivatives

_q9
6(1+q")
(c,Virg) =0
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Quasi-hom-Lie
algebras for
discretized
derivatives

Loop quasi Hom-Lie algebras

Quasi-Hom-Lie algebra g
U

Linear space
§:=gaK[t,t ]

The algebra of Laurent polynomials with coefficients in the
ghl-algebra g.
ag = g ® id
5= 59 ® id
ws = wy ® id
(x@thy@tMs=(x,y)g@t""
g is a quasi Hom-Lie algebra.
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0,(A) =EPcC-d,

neZ
id—o
D=at " —— 4(t)=qt°
t— qt°
Skew-symmetric product d, = —t"D
Quasi-hom-Lie d d _ nd d _ md d
algebras for < ns m>a’ - q ns“Ym q ms“n
discretized
derivattives
(dn, dm)o = linear combinations of generators

For n,m > 0:

max(n,m)—1

<dn7 dm>0 = O‘Sign(n - m) Z qn+m717’ds(n+mf1)7(k71)7l(571)

I=min(n,m)
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o-deformed Jacobi-identity

s—1
Z (<qndns’ <dm; dl>a>o_+qktk(57l) (qtsfl)r <dn<dm7 dl>a>0) =0.

Quasi-hom-Lie
algebras for On.m.i 4
discretized

L =4
derivatives

Il
<)

Quasi-Hom-Lie algebra, not Hom-Lie algebra for s £ 1
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Quasi-hom-Lie
algebras for
discretized
derivatives

Other non-linear Quasi-Lie deformations of Witt algebra

A=C[t,t7f], o(t) = qt*, s € Z:
D= T;‘i;?k generates cyclic A-submodule 9t of D, (.A),
proper for s # 1 (for s = 1. o(t) = St for some § € K)

Doo=qgtt" D goD=8600D

Theorem The linear space M = P, ., K- d;, d;i = —t'D
is a quasi-Lie algebra (n € C)

<dn7 dm>0 = qndnsdm - qmdmsdn = 77qmdms+nfk - nqndnermfk

o-deformed Jacobi identity

n k. (s—1)k B
O%J <<q dns, (dm, di)o), + G t_(; <dn,<dm,d,>a>g> =0

g=1l, k=0ands=1
yields a commutative algebra with countable number of
generators instead of the Witt algebra.
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Quasi-hom-Lie
algebras for
discretized
derivatives

Non-linear Quasi-Lie deformations of Witt algebra
are almost graded

Almost graded algebras s = 1:

<Ln7 Lm>o - Ln+mfk

(quasi-Lie deformations of) Krichever-Novikov type algebras,
Graded k=0,s=1: (L, Lm)s C Lptm

Hyper almost Graded algebras:

<Lna Lm)o g @ Lj

JEZN[ms+n—k,ns+m—Kk|

ms+n—k=m+n+m(s—1)—k
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® D. Larsson, S. Silvestrov, Quasi-deformations of sk (FF) using twisted derivations, Communications in
Algebra, 35, 4303-4318, (2007). arXiv:math/0506172 [math.RA] (2005).

® D. Larsson, S. Silvestrov, The Lie algebra sl (F) and quasi-deformations, Czechoslovak Journal of
Physics, 55, 11 (2005), 1467-1472.

® D. Larsson, G. Sigurdsson, S. Silvestrov, On some almost quadratic algebras coming from twisted
derivations, J. Nonlin. Math. Phys. Vol. 13, (2006). (Preprints in mathematical sciences (2006:9),
LUTFMA-5073-2006, Centre for Mathematical Sciences, Lund University. 11 pp.)

® D. Larsson, S. D. Silvestrov, Quasi-deformations of sl (F) with base R[t, t "1]. Czechoslovak J.
Phys. 56 (2006), no. 10-11, 1227-1230

Quasi-hom-Lie

recreivea. sly(K) : [h,e] = 2e, [h,f] = —2f, [e,f] = h
derivatives
Representation

e— 0, his —2t9, f = —t20
Lie algebra product [a, b] = ab — ba

o-Twisted vector fields
e— 9, h— =2td,, f — —t20,
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Quasi-hom-Lie
algebras for
discretized
derivatives

Quasi-Lie (quasi-)deformations of sl,(K)

(a-A,b-A)y =(0(a)- A)(b-A)—(a(b) - A)(a-A)
— (0(a)A(b) — o(b)A(a)) - A
Assumption ¢(1) =1 and 9,(1) =0

\
(h,f) = 20(t)0,(t)t0y
(h,e) = 20,(t)0s
(e,f) = —(o(t) + t)0,(t)0s

Closure of the bracket on L = Ke € Kf ) Kh

t

dego(t)0,(t)t <2
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Case 1: A =K]t], o(t) = qo + qit, Is(t) = po

(h,f) : —2qoef + q1hf + gieh — qog1h® — g7fh = —qopoh — 2g1 pof
Quasi-hom-Lie <h, e): _2q0e2 + g1he — eh = 2pge

algebras for
discretized

+1
derivatives <e, f> :ef + qge2 — gogr1he — q%fe = —qgoppoe + 9

poh.

g1 =1, go = po = 0 gives slr(K)
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Quasi-hom-Lie
algebras for
discretized
derivatives

¢52(K) Jackson sl>(K) (quasi-Lie algebra).
Linear o(t) and 0, is c%-like on t*

G0 =0 g=q #0 (%~ Dy)

hf — gfth = —2pyf
he — g leh = 2¢g ! ppe

1
poh

ef — g°fe = 9+

Iterated Ore extension of K[z], Auslander-regular, global
dimension at most three, has PBW-basis, noetherian domain of
GK-dimension three, Koszul as an almost quadratic algebra
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Quasi-hom-Lie
algebras for
discretized
derivatives

Quasi-Lie (quasi-)deformations of sl,(K)

po = 0 — “abelianized” version. But 0, =0

po = 1:

(h,f) = —24f, (h,e) = 2e, (e,f) = “1h

Twisted (Hom-Lie) Jacobi identity
ale)=Le a(h)=h, aoff)=4%Lf

{afe), (F,h)) + (a(f), (h,e)) + (a(h), (e, f)) =0
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Quasi-hom-Lie
algebras for
discretized
derivatives

Quasi-Lie deformations of slx(K) on K[t]/(t3)

A=K[t]/(t?), o(t) = qut + 21, Op(t) = p1t.
(h,f): qihf +2gof? — g3fh =0
(h,e) : qihe+2qgafe — eh = —pi1h — 2p,f
(e,f): ef —qife=pi(q1+1)f.

sl»(K) cannot be recovered in any “limit”
p1 = 0 representation collapse 9,(t) =0
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Quasi-hom-Lie
algebras for
discretized
derivatives

Quasi-Lie quasi-deformations of sl(K) on K[t]/(t3).
Special limits

”non-commutative deformation of K[x, y] in f-direction”
n=lLg=-3p=p=0

hf —fh=f>, he—eh=fe, ef —fe=0

f=0— Kh,¢]

solvable 3-dimensional Lie algebra
q1=1g=0p1=1 p=a/2

hf —fh =0,he —eh = —h — af  ef — fe = 2f
Heisenberg Lie algebra p; =0,py = —1/2

hf —fh=0,he —eh =f,ef —fe =0

Polynomials in 3 commuting variables

q1=19=0 p1=p=0—Kx,y,2]
Quasi-Hom-Lie algebra Jacobi identity. Case gi1p1 # 0

Y. (000, (v, 2)) + - BERPR ey 6 (x, (y, 2))) =0

=6

Ox,y,z
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sergei.silvestrov Home-associative algebras were first introduced in
Makhlouf A., Silvestrov S.D., Hom-algebra structures, J. Gen. Lie Theory, Appl. 2 (2), 51-64 (2008).
(Preprints in Mathematical Sciences 2006:10, LUTFMA-5074-2006, Centre for Mathematical Sciences, Lund

University, 2006)

Home-associative algebra (V, 11, )

V linear space,

w:V xV — V bilinear map,

a: V — V linear map (linear space homomorphism)

Hom-associativity (two notations for multiplication)

HdemL u(o(x), uly, 2)) = p(p(x, y), o(2))
s [0()02) = (¥)a(2) |

«a = Idy & associative algebra
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Theorem
Hom-associative algebras are Hom-Lie admissible.

(V, 1, @) is Hom-associative algebra a(x)(yz) = (xy)(z)
‘U’ ['a']a =Xy —yx

(V, [ ]a, @) is Hom-Lie algebra

o skew-symmetry |[x, ylo = —[y,]a|

°* Hom-Lie Jacobi identity Vx,y,z € L

Hom-

associative

and Hom-Lie [ ] —
admissible E : a(x), [y, z]a o
Home-algebras O(X v.2)

[a(x), Iy 2la],, + [2(2), [x.¥la] , + [0(¥). [2,X]a] , = O
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G C &3 subgroup of the permutations group
(—1)%(®) is the signature of the permutation

s(x1, %2, x3) = (Xs(1)s Xs(2)5 Xs(3))

G-Hom-associative Hom-algebra (V/, i, «)

Z (—1)5) (i pxs(1) Xs(2) )50 (Xs(3))) — 1 (Xs(1)) s Xs(2)  Xs(3))) )=

s€eGCS3 ama

D 1 (Gl o) Gz () =0,

Hom-

associative

and Hom-Lie SEGQS3 aa

admissible

Home-algebras &

—1)e() —

S (-1 a0 00 =0
seG

Hom-associator (a-associator): a,(x,y, z) = (xy)a(z) — a(x)(yz)
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Theorem

G-Hom-associative algebras are Hom-Lie admissible:

For any G-Hom-associative algebra (V, i, @),

(V,[,], @) is a Hom-Lie algebra

with commutator multiplication [x, y] = u(x,y) — u(y, x)

o skew-symmetry |[x, ylo = —[y,]a|

® Hom-Lie Jacobi identity Vx,y,z € L

Hom-

> [0 b2l =

admissible
Olxay.2)

[(Y(X)a [Y>Z]oz]a + [“(Z)a [Xa}/]a]a + [O‘(y)v [va]a]a =0
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Hom-
associative
and Hom-Lie
admissible
Hom-algebras

G-Hom-associative algebras

The subgroups of S3 are

G ={ld}, Gy={ld, 112}, G3={ld, ™3}
G4={/d,7’13}, G5:A3, G6:S3

As is the alternating group;

7jj is the transposition of / and j.



17B61, 17D30

sergei.silvestrov

Hom-
associative
and Hom-Lie
admissible
Home-algebras

G-Home-associative algebras — Hom-Lie algebras

® The Gi-Hom-associative algebras are the
Hom-associative algebras.

® The Gy-Hom-associative algebras satisfy

pla(x)p(y,2)) —p(aly).n(x,2))=p(p(x,y),a(2)) = p(p(y x),0(2))

Vinberg algebra or left symmetric algebra: o = Id

® The Gs3-Hom-associative algebras satisfy

pla(x)p(y,2)) =l a(x),11(2,y ) )=p(p(x,y),0(2)) = p(p(x,2),a(y))

Hom-pre-Lie algebra
La(x)(y2) — a(x)(zy) = (x)a(z) — (@)aly)|

Pre-Lie algebra or right symmetric algebra: a = Id
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;,L(OZ(X), M(yv Z)) - N(@(Z)7 ,U,(y,X)) =
w(p(x, y), a(2)) — p(pu(z, y), a(x))

® The Gs-Hom-associative algebras satisfy the condition

pa(x), ply, 2)) + plaly), uw(z, x)) + pla(2), p(x, y)) =

?s:omgiative ’u('u(x’-y)7 a(z)) + /'L(/'L(-y’ Z)’ OZ(X)) + /L(/.L(Z, X)7 Ol(y))
and Hom-Lie
Homalgebras Note: p skew-symmetric = the Hom-Jacobi identity.

® The Gg-Hom-associative algebras are the Hom-Lie
admissible algebras.
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V.[-,;]) Lie algebra
a:V — V Lie algebra endomorphism

[x; ¥]a = a([x, ¥])

Then (V,[,"]a) is a Hom-Lie algebra

Hom-
associative Vo = [V, Xla» Oz (), [y, Zlala = 0.
and Hom-Lie

admissible

Home-algebras
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Hom-
associative
and Hom-Lie
admissible
Hom-algebras

Hom-Leibniz algebras (Hom-Loday algebras)

Special subclass of quasi-Leibniz algebras

Quasi-Leibniz algebras were first introduced in
D. Larsson, S. Silvestrov, Quasi-Lie algebras, In: Jurgen Fuchs, et al. (eds), "Noncommutative Geometry and
Representation Theory in Mathematical Physics”, American Mathematical Society, Contemporary

Mathematics, Vol. 391, 2005.

Definition (V, (-, -), a) consisting of a linear space V/, bilinear
map (-,-) : V x V — V and a homomorphism o : V — V
satisfying

{((x:y); a(2)) = ((x,2), ay)) + (a(x), (¥, 2))-

If a Hom-Leibniz algebra is skewsymmetric then it is a Hom-Lie
algebra.
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sergei.silvestrov Makhlouf A., Silvestrov S.D., Notes on 1-Parameter Formal Deformations of Hom-associative and Hom-Lie
Algebras, Forum Math. 22 (4), 715-739 (2010).
(Preprints in Mathematical Sciences, Lund University, Centre for Mathematical Sciences, Centrum
Scientiarum Mathematicarum, (2007:31) LUTFMA-5095-2007 (2007); arXiv:0712.3130 (2007)).
Definition
(V,pu,{,-},a), V linear space, p: V x V — V and
{-,-}: V x V — V bilinear maps, o : V — V linear map:
1) (V, u, ) is a commutative Hom-associative algebra
2) (V,{-,-},«a) is a Hom-Lie algebra
3) for all x,y,zin V,

e {000, 1y, 2)} = waly), {x,21) + pal2), {x, v}).

He-elfgdies Equivalently, for all x,y,zin V, ad,(-) ={-,z} is a
Hom-derivation for the multiplication pu:

{u(x,y), a(2)} = u({x, 2}, aly)) + pla(x), {y, 2})
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Hom-
associative
and Hom-Lie
admissible
Hom-algebras

Hom-Poisson algebra and deformations

Let A; = (V, ¢, ) be a deformation of the commutative
Hom-associative algebra
AO = (V7 Ho, aO)

pe(x,y) = po(x, y) + pa (%, y)t + pa(x, y) e + ...
Then

pe(x,y) = pe(y, x)

t
pa(x,y) = pa(y, %) + Y (pilxy) = pily, <)t >
i>2
Formally,
. M\ X,y ) — By, X
o . )t l )Z{va} = pa(x,y) — pa(y, x)

(= xy — yx) commutator for yq
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Theorem

Ao = (V, po, 20)

a commutative Hom-associative algebra

Ay = (V, ut, ) a deformation of Ap.
Consider the bracket

{Xv.y} = Ml(Xay) - Ml(an)

is the first order element of the deformation ;.

Hom-
associative

and Hom-Lie ‘U’
admissible
Home-algebras

(V, 1o, {,}, @) is a Hom-Poisson algebra.
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associative
and Hom-Lie
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Some key references on Hom-algebra structures

Hartwig, J., Larsson, D., Silvestrov, S., Deformations of Lie algebras using o-derivations, J. Algebra,
295 (2), 314-361 (2006). (Preprints in Mathematical Sciences 2003:32, LUTFMA-5036-2003,
Centre for Mathematical Sciences, Lund University, 52 pp. (2003) (Research reports, Mittag-Lefler
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