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Introduction

Definition

Let o and 7 be endomorphisms of an associative algebra A and let
M be a A-bimodule. A K-linear map X : A — M is called a

(o, T)-derivation with values in M if

X(fg) = o(f)X(g) + X(f)7(g) (3.1)

for all f,g € A.
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The Jackson derivative D4 on the polynomial algebra C[x]. The
Jackson derivative is defined as

Di(f)) = ) (32)

for f(x) € C[x] and g € C,q # 1.



Definition
A (o, T)-derivation X with values in M is called inner if there exists
mg € M such that

X(f) = mor(f) — o(f)mg
for all f € A.

» We are interested in describing (o, 7)-derivations using
Hochschild cohomology.

> We also interested in the following question: Is the Jackson
derivative an outer (o, 7)-derivation?



Hochschild cohomology

Denote

A" = A@c - @c A

the n-fold tensor product,
C"(A,M) = {w: A®" — M},
for n > 1 linear spaces of C-linear space consisting of cochains and
CO(A, M) = M.
Consider a sequence of linear spaces of cochains
0 M= CHAM)— - = C"(A,M) = C"TH A M) — -
with differential

6n: C"(A,M) — C"HA,M).



Hochschild cohomology

The Hochschild cochain complex C*(.A, M, §) is the sequence of
linear spaces of cochains together with the differential §, as the
boundary map defined as

(6om)(a) = ma— am

for me M and a € A and

(5,7&})(21, ey an+1) = alw(ag, N a,,+1)
n
+ Z(fl)fw(al, ceey@jaj41, .. a,,+1)
j=1
+ (1) w(a,. .., an)ani1
for n > 1.

The differential ¢, satisfies

0podp_1 =0.
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Hochschild cohomology

Denote the set of n-cocycles of A for M,
Z"(AM) ={we C"(A, M) : §w = 0},
the set of n-coboundaries of A for M,
B"(A,M) = {w e C"(A,M) :w=26,_1p, forpe C"1(A, M)}

The n-dimensional cohomology group of the algebra A for the
bimodule M denoted H"(.A, M) is given by

HP (A, M) = Z"(A, M)/B"(A, M).



(o, 7)-Hochschild cohomology
Let 0,7 € End(A) and define

f-m=o(f)m, m-f=mr(f).

Denote the new bimodule M, ;) and consider the Hochschild
cohomology cochain complex C*(A, M, ), 9).
The boundary map is given by

(6om)(a) =m-a—a-m=mr(a) —o(a)m
and

(6 ,,w)(al, ceoyany1) = a1 w(a2, ..., ant1)
+Z 1Yw( (a1, ...,@jaj11,---,an+1)
+(—1)”+1W(al, coyan) " ant1
n
=o(ar)w(az,...,ans1) + Z(—l)jw(ag, e @341, -5 Ant1)

+(_1)"+1w(a1, coeyan)T(ant1)-



(o, 7)-Hochschild cohomology

HO(A, M) = {m € M) : mT(a) = o(a)m, for a € A}.



(o, 7)-Hochschild cohomology

HO(A, M) = {m € M) : mT(a) = o(a)m, for a € A}.
1-cocycles are (o, 7)-derivations, i.e.,
w(a1a2) = o(a1)w(a2) + w(a1)7(a2)
and 1-coboundaries are inner (o, 7)-derivations, i.e.,
(6om)(a) = m7(a) — o(a)m.

The degree 1 Hochschild cohomology group describes the outer
(o, 7)-derivations of A, i.e.,

Hl(A, M(Uﬂ_)) = Der(gvT)(A, M)/Inn(aﬁ)(A, M)



Symmetric (o, 7)-derivations

Definition
A (o, T)-derivation with values in M is called symmetric if it is also
a (7, 0)-derivation with values in M.

Proposition

Let o, 7 be endomorphisms of A and let M be a A-bimodule. If
mgo € M such that [mg, 7(f)] = [mo,o(f)] = 0 for all f € A then
X : A— M given by

X(f) = mor(f) — o(f)mo

is a symmetric inner (o, T)-derivation with values in M.



Regular condition

Definition

Let 0,7 be endomorphisms of A. The pair (o, 7) is called regular if
there exists f € A such that 6(f) = 7(f) — o(f) is not a zero
divisor. Moreover, the pair (o, 7) is called strongly regular if there
exists f € A such that 6(f) is invertible.

Lemma
If X is a symmetric (o, T)-derivation with values in a A-bimodule
M, then

X(f)é(g) = o(f)X(g) (3-3)
forall f,g € A, where § =7 — 0.



Proposition

Let (o, T) be a strongly regular pair of endomorphisms of A and let
X be a symmetric (o, T)-derivation with values in a A-bimodule
M. Then there exists a unique mg € M such that

X(f) = mot(f) —o(f)mo
and

[mo, 7(f)] = [mo, a(f)] =0
for all f € A.

Corollary

If (0,7) is a strongly regular pair of endomorphisms of A then
every symmetric (o, T)-derivation with values in a A-bimodule M
is inner.



(o, 7)-Hochschild cohomology for regular pairs

Proposition
Let A be a commutative algebra and (o, T) be a regular pair. Then

H(OO',T)(A7 "4) =0.



(o, 7)-Hochschild cohomology for regular pairs

Proposition
Let A be a commutative algebra and (o, 7T) be a regular pair. Then

H(OO',T)(A7 "4) =0.

Proposition

Let o and T be endomorphisms of an associative algebra A and
assume that every (o, 7)-derivation on A with values in M be
symmetric. If (o,7) is a strongly regular pair then

H(]'O_J_)(A, M) — 0 — H(lﬂo_)(A, M)



(o, 7)-Hochschild cohomology for K|[x]

Proposition
Let K[x]| be the polynomial algebra over a field K and let

Is = (p(x)d(x)|p(x) € K[x])
be an ideal generated by 6(x). Then
HE (KD, K[x]) = KIx] /.

Proposition

Let 0,7 € End(K[x]) given by o(x) = gx and 7(x) = x for
qg#0,1. Then

Hy (KX, K[x]) = {21 : A € K},



Thank You Very Much For Your Attention



	Introduction

