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L Introduction

Introduction

Consider relations of the form
AB = BF(A) (1)

for a certain function F satisfying certain conditions, where A, B
are elements of an associative algebra over a field (for example,
field of complex numbers).

This relation appears in Quantum Mechanics, Wavelet Analysis,
and have some connection with Dynamical Systems and for
specific spaces it is related to Spectral Theory.
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Introduction cont.

Definition
A pair (A, B) of elements of the algebra that satisfies (1) is called
a representation of this relation.
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L Introduction

Introduction co

Definition
A pair (A, B) of elements of the algebra that satisfies (1) is called
a representation of this relation.

» Some of the main objectives are to find representations of (1)
and study their properties.
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L Introduction

Introduction cont.

Definition
A pair (A, B) of elements of the algebra that satisfies (1) is called
a representation of this relation.

» Some of the main objectives are to find representations of (1)
and study their properties.

» We construct representations of Relation (1) by linear integral
and multiplication operators on L, spaces.
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LRepr(-zsentations by multiplications and integral operators

Let (R, X, i) be the standard Lebesgue measure space.

Proposition

Let A: Lp(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

B
(Ax)(t) = / K(t, s)x(s)ds,  (Bx)(£) = b(£)x(t),

for almost every t, where k(t,s) : R x [a, 5] = R, o, B ER, is a
measurable function, and b : R — R is a measurable function.
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LRepr(-zsentations by multiplications and integral operators

Consider a polynomial F(z) = dg + 81z + 622% + ... + 8,2", where
do,01,...,0p are real constants. Set

B8
ko(t, s) = k(t, 5, kn / (t.7)km_1(r,$)dr, m=T.n

Falk(t,5)) = Y §ikia(t.s). (2)
j=1
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LRepr(-zsentations by multiplications and integral operators

Then, AB = BF(A) if and only if for all x € L,(R)

B B
b(£)dox(t) + b(t / Fo(k(t, 5))x(s)ds = / K(t, 5)b(s)x(5)ds.
) 3)
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LRepr(-zsentations by multiplications and integral operators

Then, AB = BF(A) if and only if for all x € L,(R)

B B
b(£)dox(£) + b(1) / Fo(k(t, 5))x(s)ds = / K(t, 5)b(s)x(5)ds.
(3)
If 5o = 0, that is, F(z) = 61z + 022% 4+ ... + 6,2" then the
condition (3) reduces to the following: for almost every (t,s) in

R X [, B],

b(t)Fn(k(t,s)) = k(t,s)b(s). (4)
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LRepr(-zsentations by multiplications and integral operators

Corollary

Let A: Lo(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

B
(Ax)(t) = / K(t.s)x(s)ds,  (Bx)(t) = b(t)x(2),

[0}

for almost every t, where k(t,s) :R x [a,f)] = R, o, BER, is a
measurable function, b € L. (R) nonzero such that the set

supp b N [a, f]

has measure zero. Consider F(z) = 6o + 61z + 0222 + ... + 6,2",
where dg, . .., 0, are real constants.
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LRepr(-zsentations by multiplications and integral operators

We set

ko(t,s) = k(t,s), km(t,s) = k(t, 7)km—1(T,s)dT,

B Q\Q
3
I
—
]

Fn(k(t,s)) = (Sjkj_]_(t,S), neN.

-,
Il
—
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LRepr(-zsentations by multiplications and integral operators

We set

ko(t,s) = k(t,s), km(t,s) = k(t,7)km—1(7,8)dT, m=1n

:Q\Q

Fn(k(t,s)) = (Sjkj_]_(t,S), neN.

-,
[y

Then, we have AB = BF(A) if and only if §o = 0 and the set

(supp b X [a, B]) N supp grx

has measure zero in R X [a, 8], where gri : R X [o, 5] = R
defined by gek(t,s) = Fn(k(t,s)).
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LRepr(-zsentations by multiplications and integral operators

Corollary

Let A: Lp(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

B
/ a(t)e(s)x(s)ds,  (Bx)(t) = b(t)x(t),

for almost every t, where a € Lp(R), ¢ € Ly([er, f]) (o, B € R),
1 < g < oo such that % + % =1 and b € L(R). Consider

F(z) = 01z + 022> + ...+ 6,2", where 01,...,5, are real
constants. Set

B
Q= /a(s)c(s)ds.
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Then, we have AB = BF(A) if and only if the set

SUupp gac N SUPP &b,

has measure zero in R X [a, (], where gac, gp : R X [, 5] — R are
defined as follows

gac(t,s) = a(t)c(s)

g(t,s) = b(t)D 5 —b(s).
=1
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LRepr(-zsentations by multiplications and integral operators

Example 1

Let A: L(R) = L,(R), B: Ly(R) — Ly(R), 1 < p < 00 be

defined as follows, for almost all t,
2

(Ax)(t) = /a(t)C(S)X(S)ds, (Bx)(t) = b(t)x(t),

0

where a(t) = 2t/[072](t), C(S) = /[071](5), b(t) = /[172](1')1_'2.
Consider F(z) = 81z + 622> + ...+ 6,2", where §; € R, i =1, n.
Then, the above operators satisfy the relation AB = BF(A) if and

only if Y~ 6;=0.
j=1

Djinja, Silvestrov & Tumwesegye Operator representations of covariance type commutation rela



Operator representations of covariance type commutation relations

LRepr(-zsentations by multiplications and integral operators

Proposition
Let A: Lp(R) — Lp(R), B: Lp(R) = Lp(R), 1 < p < 00 be
defined as follows

B
(Ax)() = a(B)x(t),  (Bx)(t / K(t

for almost every t, where a € Loo(R), k(t,s) : R x [a, 8] = R,
a, B € R, is a Lebesgue measurable function. Consider

F(z) = 0o + 61z + 622% + ... + 0,2", where 89,01, ...,6, are
constants.
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LRepr(-zsentations by multiplications and integral operators

Then
AB = BF(A)
if and only if the set

supp gar M supp k

has measure zero in R X [a, (], where g.r(t,s) = a(t) — F(a(s)).
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LRepr(-zsentations by multiplications and integral operators

Example 2

Let A: Lo(R) — Lp(R), B: Lp(R) = Lp(R), 1 < p < oo be
defined as follows

B
(AX)(£) = a(t)x(t),  (Bx)( / b(t)c(s)x(s)ds

for almost every t, where a(t) = o + I[a M](t)tz, o is a real
72

number, b(t) = (1 + t?)g11,5:2)(t), c(s) = I[aTJrgﬁ](s)(l + s%),
a,B € R. Let F(z) = do + 01z, where dp,91 € R and 61 # 0. If
do = 70 — 0170 then the above operators satisfy the relation

AB — §oBA = 61 B.
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LRepr(-zsentations by integral operators

Theorem

Let (X, X, 1) be a o-finite measure space. Let

A Lp(X 1) = Lp(X, ), B: Lp(X, 1) = Lp(X,p), 1 <p<oo
be nonzero operators defined as follows, for almost every t,

(4(0) = [ ka(tsx(s)dnes (B(0) = [ ha(t. s)x(s)de,

Ga Gg

where, Ga, Gg € ¥, 1(Ga) < 00, p(Gg) < o0,
ka(t,s): X x Sa = R, kg(t,s) : X x Sg — R are measurable
n

functions. Let F(z) =Y 6;2/, 5; € R, j=0,n. Set G = GaN Gg,
j=0

kO,A(ta S) = kA(t7S)r km,A(ta 5) = f kA(ta 7-)km—l,A(’n S)d)u’Tl
Ga

Fo(ka(t, s)) = éajkj_l,A(t, 5).
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LRepr(-zsentations by integral operators

Then AB = BF(A) if and only if the following conditions are
fulfilled:

1. for almost every (t,7) € X x G,

/kA(t,s)kB(s,T)dus—éokB(t,T) - /kB(t, $)Fa(ka(s, 7)) dpis:
GA GB
2. for almost every (t,7) € X x (Gg \ G),
[ Kt k(5. 7) e = dokee. )
Ga
3. for almost every (t,7) € X x (Ga \ G),
/kB(t, s)Fn(k(s,7))dus = 0.

Gp
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LRepr(-zsentations by integral operators

Corollary

Let (X, X, n) be a o-finite measure space. Let
A Lp(X 1) = Lp(X, ), B Lp(X, 1) = Lp(X, 1), 1 < p < oo be
nonzero operators defined as follows, for almost every t,

(w(0) = [ ka(tsx(s)dnes (B(0) = [ ka(t. x(s)de,

G, A G.B

where Ga, Gg € X, u(Ga) < oo, u(Gg) < oo,
ka(t,s) : X x Ga — R, kg(t,s) : X x Gg — R are measurable
functions. Let § € R\ {0} and let d be a positive integer. Set

G =GapNGg,
ko,a(t,s) = ka(t,s), kma(t,s) = / ka(t, 7)km—1,4(7,8)dpr, m>1.
Ga

Djinja, Silvestrov & Tumwesegye Operator representations of covariance type commutation rela



Operator representations of covariance type commutation relations

LRepr(-zsentations by integral operators

Then
AB = §BAY

if and only if the following conditions are fulfilled
1. for almost every (t,7) € X x G,

/ kn(t, $)ks (s, 7)dis = 6 / K (t, $)kg_1.a(5 7)dts.
Ga G
2. for almost every (t,7) € X x (Gg \ G),
/kA(t,s)kB(s,T)dus —o.
Ga
3. for almost every (t,7) € X x (Ga \ G),

/kB(t, S)kd,LA(S,T)C//Ls =0.
G
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LRepr(-zsentations by integral operators

Example 1

Let (R, X, 1) be the standard Lebesgue measure space. Let
F(z) =00+ 91z, 0p,01 €R, 01 # 1, o, 8 GRsuch that a < 8 and
either =2 ¢ 7 or ﬁJra € 7 such that o] = fﬁ sin?(s)ds # 0,

fﬁ cos?(s)ds 7& 0. Define operators as follows

B
_ do01 )
(Ax)(t) = l[al,gl](t)/ <w sintcoss

«

+570 cos t cos s> x(s)ds,

o2(1 —61)
B
(Bx)(t) = lfay,(t) / (01 sin t cos s + 03 cos t cos s)x(s)ds,

for almost every t € R, where a1 < «, f1 > 5,.01,02 € R, 02 0.
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Then operator A and B satisfy ABx = (doB + 61 BA)x for all
x € Lp(R,p), 1 <p<oc.
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LRepr(-zsentations by integral operators

Example 2

Let «, 8,w € R such that a < £, w;zéOande|ther ( wB=a) ¢ 7 or
@ € Z such that o1 = ff sin?(ws)ds # 0,
= ff cos?(ws)ds # 0. Let

B
(AX)(t) = / w50 (1) [(;tzcos(wt)cos(ws)—(;qsin(wt)sin(ws)

+04 4 cos(wt) sin(ws)] x(s)dps,
B

(Bx)(t) = /I[a1751](t)9372cos(wt)cos(ws)x(s)dus,

(67

for almost every t, where 644,02 € R, 6 € R\ {0}.
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For all x € Lp(R, i), 1 < p < 0o we have
ABx = §BA®x.
Moreover, for all x € Lp(R, i), 1 < p < oo we have

B
(AB — BA)X(t) = 04402055 / oy 50 () cos(wt) sin(ws)x(s)d s,

«

for almost every t.
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