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Context and preliminaries

Hom-Lie algebra appeared first in the process of studying the
general quasi-deformations and discretizations of Lie algebras
of vector fields using twisted derivations (Hartwig, Larsson,
Silvestrov)
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The concept of Hom-algebra was later widely developped and
found several uses, including the idea of deforming algebras of
a given type, while weakening the defining identities without
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Context and preliminaries

The concept of n-Lie algebras, also known as Nambu-Lie
algebras is a generalization of Lie algebras to the n-ary case,
the Jacobi identity is considered here as the fact that the adjoint
maps are derivations. They were defined and studied both as
purely algebraic structures (Filippov, Kasymov, ...) and related
to Nambu mechanics (Takhtajan,...). They found afterwards
several other applications in physics.
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The concept of n-Lie algebras, also known as Nambu-Lie
algebras is a generalization of Lie algebras to the n-ary case,
the Jacobi identity is considered here as the fact that the adjoint
maps are derivations. They were defined and studied both as
purely algebraic structures (Filippov, Kasymoy, ...) and related
to Nambu mechanics (Takhtajan,...). They found afterwards
several other applications in physics.

@ Nambu, Y.: Generalized Hamiltonian dynamics (1973)

@ Takhtajan, L. A.: On foundation of the generalized Nambu
mechanics (1994)

@ Filippov V. T., n-Lie algebras (1985)
@ Kasymov Sh. M., Theory of n-Lie algebras (1987)
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Context and preliminaries

Later on, n-ary generalizations of Hom-algebra, both of Lie and
associative type were introduced (Ataguema, Makhlouf,
Silvestrov) and several aspects of their structures have been
and are still studied (cohomology, deformations,
representations, extensions, ....)
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Later on, n-ary generalizations of Hom-algebra, both of Lie and
associative type were introduced (Ataguema, Makhlouf,
Silvestrov) and several aspects of their structures have been
and are still studied (cohomology, deformations,
representations, extensions, ....)
@ Ataguema H., Makhlouf A., Silvestrov S., Generalization of
n-ary Nambu algebras and beyond (2009)
@ Yau D., On n-ary Hom-Nambu and Hom-Nambu-Lie
algebras (2012)
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Context and preliminaries

Definition

An n-Hom-Lie algebra (A, [-, ..., ], (ci)1<i<n—1) is a linear
space equipped with an n-ary skew-symmetric operation and
(n — 1) linear maps satisfying, for all

Tlyeeo s Trn1,Yl, .- Yn € A,

[ (z1), .- yom—1(Tn_1), [Y1,---,Yn]] = (1)
Z[m(!ﬂ% e i1 (Yie1), [l‘l, .. -axn—hyi]?ai(yi-i-l)? oG 7an—1(yn)]-
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Definition

An n-Hom-Lie algebra (A, [-, ..., ], (ci)1<i<n—1) is a linear
space equipped with an n-ary skew-symmetric operation and
(n — 1) linear maps satisfying, for all

Tlyeeo s Trn1,Yl, .- Yn € A,

[c1(z1), oy n—1(Tn-1), Y1, - - -, Yn]] = (1)
Z[al(y1)7 e 7ai—1(yi—1)7 [xla ey Tp—1, yi]704i(yi+1)7 e 7an—1(yn)]'
=1

In the case where a; = as = ... = a,—1 = «, we shall use the

notation (A, [, ..., ], «) instead. Our study is mostly about this

case.
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Context and preliminaries

Definition

Let (Aa ['a sooy ‘]A ) (ai)1§i§n_1) and (Bv ['a s ']B ) (ﬁi)1§i§n_1)
be two n-Hom-Lie algebras. An n-Hom-Lie algebra morphism
is a linear map f : A — B satisfying:

f ([mla ---amn]A) = [f(x1)7 7f(xn)]B

and

foai=Ppiof.
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Definition

Let (Aa ['a sooy ‘]A ) (ai)1§i§n_1) and (Bv ['a s ']B ) (ﬁi)1§i§n_1)
be two n-Hom-Lie algebras. An n-Hom-Lie algebra morphism
is a linear map f : A — B satisfying:

f ([mla ---amn]A) = [f(x1)7 7f(xn)]B

and

foai=Ppiof.

Alinear map f : A — B satisfying only the first condition is said
to be a weak morphism.
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Definition

An n-Hom-Lie algebra (A, [, ..., ],a) is said to be
multiplicative if « is an n-Hom-Lie algebra morphism, if
moreover « is invertible, (4, [-, ..., ], «) is said to be regular
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Definition

Let (A, [, ..., ],{ai}1<i<n—1) be an n-Hom-Lie algebra and let
S be a linear subspace of A. B is said to be an ideal (or
Home-ideal) if it is invariant under all «;,1 < i < n — 1 and for all
SES X1,y Tn—1 € A, [T1,....,Tpn-1,5] €S.
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Definition

An n-Hom-Lie algebra (A, [, ..., ],a) is said to be
multiplicative if « is an n-Hom-Lie algebra morphism, if
moreover « is invertible, (4, [-, ..., ], «) is said to be regular

Definition

Let (A, [, ..., ],{ai}1<i<n—1) be an n-Hom-Lie algebra and let
S be a linear subspace of A. B is said to be an ideal (or
Home-ideal) if it is invariant under all «;,1 < i < n — 1 and for all
SES X1,y Tn—1 € A, [T1,....,Tpn-1,5] €S.

If this condition is satisfied but S is not invariant under

a;,1 <i<n-—1,itis said to be a weak ideal.
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Context and preliminaries

Definition

Let (A,[,...,],(®);<;<,_1) be an n-Hom-Lie algebra, the
k-derived series of the ideal I is defined by

DY(I) =TI and D' = | DX(I),...,DR(I), A, ... Al ,

k
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Definition

Let (A,[,...,],(®);<;<,_1) be an n-Hom-Lie algebra, the
k-derived series of the ideal I is defined by

DY(I) =TI and D' = | DX(I),...,DR(I), A, ... Al ,

k

and the k-central descending series of I by

C)I)=Tand CP*'(I) = |CP(I),I,...,1,A,..., A
N—_———
k
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Context and preliminaries

Definition
Let (A, [, ], (@)1<i<,_1) D€ @n n-Hom-Lie algebra, the
k- derlved serles of the ideal I is defined by

DY(I) =TI and D' = | DX(I),...,DR(I), A, ... Al ,

k

and the k-central descending series of I by
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Properties of (n + 1)-dimensional n-Hom-Lie algebras

A linear map « is fully determined by its matrix on the
considered basis, and a skew-symmetric n-ary multi-linear
bracket is fully determined by [eq, ..., &, ..., e,41] for all
1<i<n+1
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Properties of (n + 1)-dimensional n-Hom-Lie algebras

A linear map « is fully determined by its matrix on the
considered basis, and a skew-symmetric n-ary multi-linear
bracket is fully determined by [eq, ..., &, ..., e,41] for all

1 <i < n+1represented by a matrix B as follows:

(1. s Gy yensl] = (=1)" iy,
n+1
w; = Zbﬂ-ep
p=1
(wl,...,wn+1) = (61,...,€n+1)B, (2)

for B = (bi;j)1<ij<n+1-
In term of structure constants, one can write :

n+1
w; = Z(—l)”““b(l, e =14+ 1,.,n+1,pe,
p=1
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Properties of (n + 1)-dimensional n-Hom-Lie algebras

In all the following, (A4, [-,..., ], «) is an n-ary skew-symmetric
algebra of dimension n + 1 with a linear map a and (e;)1<i<n+1
is a basis of A.
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Properties of (n + 1)-dimensional n-Hom-Lie algebras

Proposition

Let Ay = (A, [-,...,],a1) and Ay = (A, [,...,],,a2) be two
(n + 1)-dimensional n-ary skew-symmetric Hom-algebras
represented by matrices [«1], By and [as], By respectively. The
Hom-algebras A, and Ay are isomorphic if and only if there
exists an invertible matrix T' satisfying the following conditions:

By = det(T)"'TB, 17,

[Ozz] = T[al]Til.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

We give now systems of equations equivalent to the
Hom-Nambu-Filippov identity for different cases of «, together
with its solution in some of the cases,
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

We give now systems of equations equivalent to the
Hom-Nambu-Filippov identity for different cases of «, together
with its solution in some of the cases,first is when « is
diagonalizable

Proposition

If o is invertible, then [-, . . . , -] satisfies the Hom-Nambu-Filippov
identity ifand only if V1 <i<j<k<n+1

()\z‘bj,i_)\jbi,j)wk+()\kbi,k_/\ibk,i)wj+()\jbk,j_)\kbj,k)wi = 0, (3)

which is also equivalent to the following system, obtained by
using the coordinates in the basis (e;)1<i<n+1:
Vi<i,jkp<n+l;i<j<k,
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

Proposition

If Rank(B) > 3, then the Hom-Nambu-Filippov identity holds if
and only if \;bj; — \;bi ; = 0,Vi, 4, that is Bla])T = [a] BT or
equivalently that B[o|” is symmetric, or in other words, the
matrix B takes the form
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

Proposition

If Rank(B) > 3, then the Hom-Nambu-Filippov identity holds if
and only if \;bj; — \;bi ; = 0,Vi, 4, that is Bla])T = [a] BT or
equivalently that B[o|” is symmetric, or in other words, the
matrix B takes the form

b1,1 1)172 6173 - .. b17n+1
A2by 2
= 1)272 b273 A 500 b27n+1
A3b1.3 A3ba 3 b b
/\1 )\2 3’3 oo o 37n+1
Ant1bint1 Antibanii Ant1b3nii Ant1bn,ni1 b
T X A3 o An n+1,n+1

in any basis where « is diagonal, where \;;1 < i <n-+1 are
the eigenvalues of «.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

If dimkera =1, let A\; = 0.

Akbl,k;wj_)\kbj,kwl_)\jbl,jwk+)\jbk,jw1 =0, Vl<j<k<n+l.

Silvestrov classification of (n + 1)-di



Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

If dimkera =2, let A\; = Ay = 0.

bLka — b27kw1 =0, forall3<k<n+1.




Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

If dimkera =2, let A\; = Ay = 0.
bLk'LUQ — b27kw1 =0, forall3<k<n+1.

Note that in this case, the non-zero eigenvalues do not appear
in the equations, which means that if a given skew-symmetric
bracket satisfies the Hom-Nambu-Filippov identity for a
diagonalizable « with kernel of dimension 2, it would satisfy it
for any such a linear map.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

For n = 3, v is represented in this case by the matrix

00 0 O
00 0 O . . .
, With A3, A4 # 0 and we get the following list
0 0 A3 O
00 0 M\
of brackets (represented by matrices)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

For n = 3, v is represented in this case by the matrix

00 0 0
0000 , With A3, A4 # 0 and we get the following list
00 X3 0
00 0 M\
of brackets (represented by matrices)
—c(2,3,4,1) (1,3,4,1) 0 0
0(2342) c(1,3,4,2) 0 0
—¢(2,3,4,3) ¢(1,3,4,3) —c(1,2,4,3) ¢(1,2,3,3)
0(2,3,4,4) ¢(1,3,4,4) —c(1,2,4,4) ¢(1,2,3,4)
c(1,2,31)c(1,3,4,1 c(1,2,31)c(1,2,4,2
( 01;32 ) ¢(1,3,4,1) —<L23Dcl1242) 5(1,%,9(,,2) ) ¢(1,2,3,1)
% o(1,3,4,2) —c(1,2,4,2)  ¢(1,2,3,2)
A2BNASAD 0(1,3,4,3)  —c(1,2,4,3)  ¢(1,2,3,3)
%5}2;”44) o(1,3,4,4) —c(1,2,4,4)  ¢(1,2,3,4)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

1,2,4,1)c(1,3,4,1
E(l%%z); c(1,3,4,1) —c(1,2,4,1) 0
1,2,4,1)c(1,3,4,2
W c(1,3,4,2) —c(1,2,4,2) 0
1,2,4,1)c(1,3,4,3
MDAl (13,4,3) —(1,2,4,3) c(1,2,3,3)
1,2,4, ,3,4,4
Q28D 0(1,8,4,4) —c(1,2,4,4) ¢(1,2,3,4)
—¢(2,3,4,1) 0 —¢(1,2,4,1) ¢(1,2,3,1)
—¢(2,3,4,2) 0 0 0
—¢(2,3,4,3) 0 —c(1,2,4,3) ¢(1,2,3,3)
—(2,3,4,4) 0 —c(1,2,4,4) ¢(1,2,3,4)
0 0 —¢(1,2,4,1) ¢(1,2,3,1)
0 0 —c(1,2,4,2) ¢(1,2,3,2)
0 0 —c(1,2,4,3) ¢(1,2,3,3)
0 0 —c(1,2,4,4) ¢(1,2,3,4)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

Consider now the case where « is nilpotent, we only need to
investigate the cases where dimker o« = 1 and dim ker oo = 2.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

Consider now the case where « is nilpotent, we only need to
investigate the cases where dimker o« = 1 and dim ker oo = 2.
If dim ker o = 1, then for a basis in which « is in Jordan form,
ker f = (e1).

(bk—1,i = bi—1,8)bpnt1 — bry1,ibp k—1 + brg1,xbpi—1 =0,
foralll1 <ik,p<n+1,i<k.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

Consider now the case where « is nilpotent, we only need to
investigate the cases where dimker o« = 1 and dim ker oo = 2.
If dim ker o = 1, then for a basis in which « is in Jordan form,
ker f = (e1).

(bk—1,i = bi—1.5)bp.n+1 — brui1,ibp k—1 + bnt1 kbpi—1 = 0,

foralll1 <ik,p<n+1,i<k.
For n = 3, « is represented in this case by the matrix

o O O
S O =

0 0
(1) (1] , and we get the following list of brackets
0

0 00
(represented by matrices)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

—¢(2,3,4,1) ¢(1,3,4,1) —¢(1,2,4,1) 0
—¢(2,3,4,2) ¢(1,3,4,2) —c(1,2,4,2) 0
—¢(2,3,4,3) ¢(1,3,4,3) —c(1,2,4,3) 0
—¢(2,3,4,4) 0 0 0
—¢(2,3,4,1)  ¢(1,3,4,1) —c(1,2,4,1) (1,2,3,1)
—¢(2,3,4,2) —c(1,2,4,1) —c(1,2,4,2) ¢(1,2,3,2)
—(2,3,4,3)  ¢(1,2,3,1)  ¢(1,2,3,2) ¢(1,2,3,3)
—¢(2,3,4,4) 0 0
51 S5 —c(1,2,4,1) ¢(1,2,3,1)
59 S6 S10 0(1,2,3,2)
53 s7 240 4 1 93 9) —¢(1,3,4,4) ¢(1,2,3,3)
c(1,2,3,4) 1599 19D 49
e c(1,3,4,4) —c(1,2,4,4) c(1,2,3,4)
P]
b SEREpat AERTS - GEsy (1231
ty L2EZCAD —¢(1,2,4,2) c(1,2,3,2)
ty CLEASASAD 0(1,2,3,2) —o(1,3,4,4)  o(1,2,3,3)
ts c(1,3,4,4) 0 c(1,2,3,4)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

If dim ker o = 2, then for a basis in which « is in Jordan form,
kerf = <€1,€i0>. FOI'j > 19:
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If dim ker o = 2, then for a basis in which « is in Jordan form,
kerf = <€1,€i0>. FOI'j > 19:

big—1,jbpnt1 —bnt1,bpio—1 =0, V1< gp<n+1,j#1,j#io.
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

If dim ker o = 2, then for a basis in which « is in Jordan form,
kerf = <€1,€i0>. FOI'j > 19:

big—1,jbpnt1 —bnt1,bpio—1 =0, V1< gp<n+1,j#1,j#io.

Let n = 3, and iy = 2, « is represented in this case by the
00 0O
, 0010 N
matrix 0001l and we get the following list of
00 0O

brackets (represented by matrices)
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Lists of (n+1)-dimensional n-Hom-Lie algebras with various o

—c(2,3,4,1) ¢(1,3,4,1) 0 0
—6(2,3,4,2) ¢(1,3,4,2) —¢(1,2,4,2) ¢(1,2,3,2)
—¢(2,3,4,3) ¢(1,3,4,3) —c(1,2,4,3) ¢(1,2,3,3)
—c(2,3,4,4) ¢(1,3,4,4) 0 0
“e(2,3,4,1) ¢(1,3,4,1) —e(1,2,4,1) 0
—6(2,3,4,2) ¢(1,3,4,2) —¢(1,2,4,2) 0
—6(2,3,4,3) ¢(1,3,4,3) —e(1,2,4,3) 0
—6(2,3,4,4) ¢(1,3,4,4) 0 0
(172’371)2 (1’273’1) (1’27474)
cizaa L34 TR o1,2,31)
1,2,3,1)¢(1,2,3,2
A2BIATD 0(1,3,4,2)  —c(1,2,4,2)  ¢(1,2,3,2)
1,2,3,1)¢(1,2,3,3
C( c(l,%?é,él) ) 0(1’37473) _6(1721473) 0(1727373>
¢(1,2,3,1)  ¢(1,3,4,4)  —c(1,2,4,4)  ¢(1,2,3,4)

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



—~~

0
c(1,2,3,2)
c(1,2,3,3)

0

)
©
©

S
©

o
<

o

=
=
S

I
&

©
c

K<l
@
c
5]

E

2

A
=
+

N

]
=

ie]

T

L2

‘®
@

©
G
=

(¢}

N

o3 o | ~
P (= PR - - R R
— N = R S
< < < < T T o= N m =
AN < < < <f
S22 saEFHaa
I I [ R R

N N N 17 17
3 — o <fH ~— — ~— >
2 - - -~ ~ O O Q| ~ —~ —~ —~ m
23 AR U | | | [ N < 2
: ™ o o 3 < < < < z
s -~ - -~ Sl —~ —~ o o o o :
S %
H -=c=23=37c:7 F
9 g
g S e R ) 3
o — R I N X
-] i — = - - <
3 s+ oo oo
£ Nl O U U O
T | e O ~————
S ISR
= o RO |lo oo o
S AT
s e Raarl g N~ —
2 T ey
cmu — —
5 Tl T
=
s
2]
k7]
-



Classification up to isomorphism of one of the subclasses

We consider now the case from the previous table where the
bracket is given, in the basis (e;) by the matrix
0 ¢(1,3,4,1) —c(1,2,4,1) 0

B | 0 1,342 —¢(1,2,42) 0
| 0 ¢1,3,4,3) —c(1,2,4,3) 0
0 c(1,3,4,4) —c(1,2,4,4) 0
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Classification up to isomorphism of one of the subclasses

We consider now the case from the previous table where the
bracket is given, in the basis (e;) by the matrix
0 ¢(1,3,4,1) —c(1,2,4,1) 0

0 e1.3,4,2) —c1,2,4,2) 0 .
B=10 c1.34.3) —c(1,2,4.3) o |hais
0 ¢(1,3,4,4) —c(1,2,4,4) 0

61762563] :O
€1,€2,€4 6(1,2,4 1)61 —|—C(1 2,4, 2)

[

[ eq] = c(1,2,4,3)es + ¢(1,2,4,4)ey
[e1,es,eq] = ¢(1,3,4,1)e1 + ¢(1,3,4,2)es

[ ]

+
+¢(1,3,4,3)es3 + ¢(1,3,4,4)eq

0.

€2,€3,€4
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Classification up to isomorphism of one of the subclasses

We consider now the case from the previous table where the
bracket is given, in the basis (e;) by the matrix
0 ¢(1,3,4,1) —c(1,2,4,1) 0

0 ¢(1,3,4,2) —¢(1,2,4,2) 0 .
B= ();L&&g —;LZ&£ o |thatis

0 ¢(1,3,4,4) —c(1,2,4,4) 0
[e1,e2,e3] =0
[e1, ea,eq] = ¢(1,2,4,1)e1 + ¢(1,2,4,2)e2 + ¢(1,2,4,3)es + ¢(1,2,4,4)ey
[e1,es,eq] = ¢(1,3,4,1)e1 + ¢(1,3,4,2)ea + ¢(1,3,4,3)e3 + ¢(1,3,4,4)ey
[e2, €3, e4] = 0.

map « is defined, in the same basis, by

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

A 3-Hom-Lie algebra of this class is multiplicative if and only if
c(1,2,4,3) = 0;¢(1,2,4,4) = 0;¢(1,3,4,3) = 0;¢(1,3,4,4) = 0.

That is, its bracket is of the form

le1,e2,e3] =0
le1, ea,eq] = c(1,2,4,1)e1 + ¢(1,2,4,2)ey
le1, e3,eq] = c(1,3,4,1)e1 + ¢(1,3,4,2)es
[e2,e3,e4] =0

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

We will first split this class into five subclasses of
non-isomorphic 3-Hom-Lie algebras. The split shall be done
following the differences in the k-derived series, central
descending series and center of the algebra, since these are
preserved by isomorphisms.
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Classification up to isomorphism of one of the subclasses

We will first split this class into five subclasses of
non-isomorphic 3-Hom-Lie algebras. The split shall be done
following the differences in the k-derived series, central
descending series and center of the algebra, since these are
preserved by isomorphisms.

define d(p, q) = ¢(1,2,4,p)c(1,3,4,q) — c¢(1,2,4,q)c(1, 3,4, p)
with 1 < p,q < 4, thatis, d(p, ¢) are all the potentially non-zero
2 x 2 minors of the matrix B defining the bracket.
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Classification up to isomorphism of one of the subclasses

Kitouni, S



Classification up to isomorphism of one of the subclasses

The five subclasses are given with properties of their k-derived
series, central descending series and center:
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Classification up to isomorphism of one of the subclasses

The five subclasses are given with properties of their k-derived
series, central descending series and center:

1) 3-solvable of class 2, non-2-solvable, non-nilpotent, with
trivial center.

[e1,ea,e3] =0
le1, ea,eq] = ¢(1,2,4,1)e1 + ¢(1,2,4,2)ea + ¢(1,2,4,3)e3 + ¢(1,2,4,4)eq
[e1,es,eq] = ¢(1,3,4,1)er + ¢(1,3,4,2)ea + ¢(1,3,4,3)es + ¢(1,3,4,4)e4
[e2, e3,€4] = 0,

0, in that case we have

1) #
d(2,4) d(3,4)\ _
Rank( 1,2) d(173)> = 2.

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

2) 3-solvable of class 2, 2-solvable of class 3, non-nilpotent,
with trivial center.

[ ]

e, €0, ea] = ¢(1,2,4, Der + ¢(1,2,4,2)es + (1, 2,4, 3)e3 + (1, 2,4, 4)es
[ela €3, 64] )‘6(17 27 4a 1)61 + (1a 3a 47 )62 + C(la 37 47 3)63 + AC(l, 2a 45 4)64
[ ]

with (c(1,2,4,1),¢(1,2,4,4)) # (0,0) or

[ ]

[e1, ea,eq] = ¢(1,2,4,2)es + ¢(1,2,4,3)es

le1, €3, eq] = c(1,3,4, 1)er + ¢(1,3,4,2)es + c(1,3,4,3)es + (1, 3,4, 4)es
[ | =

d(2,4) d(3,4)\ _
such that Rank <d(1 2) d(1,3)> =1.
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Classification up to isomorphism of one of the subclasses

3) 3-solvable of class 2, 2-solvable of class 2, non-nilpotent,
with trivial center.

[e1,e2,e3] =
[e1,e2,e4] = (1 2,4,2)es +¢(1,2,4,3)es
[e1,es,e4] = (1 3,4,2)es +¢(1,3,4,3)es
[e2, €3, 4] =

with d(2,3) # 0.
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Classification up to isomorphism of one of the subclasses

4) 3-solvable of class 2, 2-solvable of class 2, non-nilpotent,
with 1-dimensional center.

€1,€2,€3

0
c

(1,2,4,1)e1 + ¢(1,2,4,2)es + ¢(1,2,4,3)es + ¢(1,2,4,4)ey4

e1 Ac(1,2,4,1)er + Ae(1,2,4,2)es + Ae(1,2,4,3)es + Ae(1,2,4,4)ey
0

4

[ ]
[e1, €2, €4]
[ ) €3,€ ]
[62, €3, 64]

with [e1, e2, e4] # 0 (that is not all
c(1,2,4,1),¢(1,2,4,2),¢(1,2,4,3),¢(1,2,4,4) are zero) or

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

5) 3-solvable of class 2, 2-solvable of class 2, nilpotent of class
2, with 1-dimensional center.

or

[61,62,63] =0

le1, ea,e4] = c(1,2,4,2)ea + ¢(1,2,4,3)es

—c(1,2,4,2)?
c(1,2,4,3)

[e2,€e3,e4] =0, where ¢(1,2,4,3) # 0,

[61763764] == €2 _6(172747 2)63

[61,62,63] =0

—c(1,2,4,2)?
o(1,3,4,2)

le1, e3,eq] = c(1,3,4,2)ea — ¢(1,2,4,2)es3

[e2,e3,e4] =0, where ¢(1,3,4,2) # 0.

le1, €2, e4] = (1,2,4,2)ex + e3

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

In the subclasses presented, cases 1 and 3 cannot be
multiplicative. All the multiplicative 3-Hom-Lie algebras in the
considered class are contained in the remaining subclasses:

2m) 3-solvable of class 2, 2-solvable of class 3, non-nilpotent,
with trivial center

le1, €2, €3] =
[e1, e, eq4] = (1 2,4,1)e; + ¢(1,2,4,2)es
le1,e3,eq4] = (1 3,4,1)e1 +¢(1,3,4,2)es
[62763764] =

with
d(1,2) = ¢(1,2,4,1)¢(1,3,4,2) — ¢(1,2,4,2)¢(1,3,4,1) # 0.
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Classification up to isomorphism of one of the subclasses

4m) 3-solvable of class 2, 2-solvable of class 2, non-nilpotent,
with 1-dimensional center

€1,€2,€3 0
C

(1,2,4,1)e1 + ¢(1,2,4,2)es
Ac(1,2,4,1)e; + Ae(1,2,4,2)es
0

€1,€3,€4

[ ]
[e1, e2, 4]
[ €4
[ ]

€2,€3,€4
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Classification up to isomorphism of one of the subclasses

5m) 3-solvable of class 2, 2-solvable of class 2, nilpotent of
class 2, with 1-dimensional center

[e1,e2,e3] =0
[e1,e2,e4] =0
[e1,e3,eq] = c(1,3,4,2)ey
[e2, €3, e4] = 0,

where ¢(1,3,4,2) # 0.
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Classification up to isomorphism of one of the subclasses

The condition [a] = P[a]P~! is satisfied if and only if P is of the

form:
p(1,1) 0 0 p(1,4)
p_ |P&1) p3,3) p(23) p24)
0 0 p(3,3) p(2,3)
0 0 0 p(3,3)
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Classification up to isomorphism of one of the subclasses

The condition [a] = P[a]P~! is satisfied if and only if P is of the

form:

P =

p(1,1) 0 0 p(1,4)
p(2,1) p(3,3) p(2,3) p(2,4)
0 0 p3,3) p(2,3)
0 0 0 p(3,3)

Less possibilities for isomorphisms means more isomorphism
classes, in particular, one cannot simply proceed by picking a
new basis without checking that the basis change matrix is in

the given form.

A. Kitouni, S. Silvestrov
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Classification up to isomorphism of one of the subclasses

dim D} (A) = 2, non-2-solvable, non-nilpotent, with trivial center.
c(1,2,4,4) # 0.

€1,€2,€3

€1 4

(1,3,4,1)e1 + ¢(1,3,4,3)e3 + '(1,3,4,4)ey

[ =0
[e1,€2,€4] = €4
[e1, e3,eq] = (
[ ] =0,

€2,€3,€4

Two such algebras, given by structure constants (¢(4, j, k, p))
and (¢’ (4, j, k, p)) respectively are isomorphic if and only if
d(1,3,4,3) = ¢’(1,3,4,3) and ¢/(1, 3,4,4) = ¢"(1,3,4,4) and

(1,34,1) .
Z(i31n Is asquareinK.
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Classification up to isomorphism of one of the subclasses

c(1,2,4,4) =0, ¢(1,2,4,3) # 0 and ¢(1,2,4,3) # ¢(1,3,4,4). In
this case ¢(1,2,4,1) and ¢(1, 3, 4,4) are non-zero since

d(1,4) # 0.
[e1,€2,e3] =0
le1, e2,e4] = €/(1,2,4, 1)1 + e3
[e1,e3,e4] = ¢(1,3,4,4)ey
[62563764] == O,

Two such algebras, given by structure constants (¢(i, j, k, p))
and (¢’ (i, j, k, p)) respectively are isomorphic if and only if

d(1,24,1) :
Fiz1n Is asquareinK.

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

c(1,2,4,4) =0, ¢(1,2,4,3) # 0 and ¢(1,2,4,3) = ¢(1,3,4,4). In
this case also ¢(1,2,4,1) and ¢(1, 3,4,4) are non-zero since

d(1,4) # 0.
[61,62,63] =0
[61, €2, 64] = Cl(17374a 3)63 + ey
[e1,e3,eq] = (1,2,4,1)e1 + e3
le2, e3,e4] = 0,

Two such algebras, given by structure constants (¢/(i, j, k, p))
and (¢’ (i, j, k, p)) respectively are isomorphic if and only if

d(1,24,1) :
Fiz1n Is asquareinK.

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

c(1,2,4,4) =0 and ¢(1, 2,4, 3) = 0. Similarly, in this case
¢(1,2,4,1) and ¢(1, 3,4,4) are non-zero since d(1,4) # 0.
le1,e2,e3] =
[e1, €2, e4] = (1 2,4,1)eq
le1,e3,e4] = €4
[e2, €3, e4] = 0,
Two such brackets given by the structure constants
(c'(i, 4, k,p)), ("(3, j, k,p)) are isomorphic if and only if %

is a square in K. In particular, If ¢(1,2,4, 1) is a square in K, we
get the following bracket

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

Examples

We consider the two following examples,

[61762764] = €4
[e1,e3,eq4] = (1,3,4,1)e; +/(1,3,4,3)e3 + ¢ (1,3,4,4)ey

d(1,3,4,1) # 0,

o

[61762764] = €4
le1,e3,eq4] = (1,3,4,2)ea + /(1,3,4,3)e3 + (1, 3,4,4)ey
(c,(1,2,4, 1),0/(1,2,4,4)) #(0,0)
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Classification up to isomorphism of one of the subclasses

D%(.A) = D%(-A) = <{[€17€2764] ) [61763764]}>'

For both cases, D3(A) is not invariant under «, therefore, it is a
weak ideal of A but not a Hom-ideal. Also, for example 1,
D3(A) = {0} and D3(A) = D}(A).

A. Kitouni, S. Silvestrov On classification of (n + 1)-dimensional n-Hom-Lie algebras



Classification up to isomorphism of one of the subclasses

For example 2

D3(A) = ({¢(1,3,4,2)[e1, e, e4] + ' (1,3,4,3)[e1, e3, e4]})
= ({v}) # {0}
where v = ¢/(1,3,4,3)c(1,3,4,2)ea + (1, 3,4,3)%e3 +
(c(1,3,4,3)c/(1,3,4,4) + ¢(1,3,4,2))es. We find that
a(v) ¢ ({v}), thus D3(A) is not a Hom-subalgebra of A.
Computing [e;, ej,v] forall 1 <i < j < 4, we find that D3(A) is a
weak ideal of A if and only if

('(1,3,4,3)(1,3,4,4) + ¢(1,3,4,2)) = 0. That is, its bracket is
given by
le1,e2,e4] = €4
[e1,e3,eq] = —c(1,3,4,3)(1,3,4,4)es
+(1,3,4,3)es + /(1,3,4,4)e4

A. Kitouni, S. Silvestrov
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Classification up to isomorphism of one of the subclasses

If we take K = C, ¢/(1,3,4,4) = +i and ¢/(1,3,4,3) = —2 then
we get the following two examples where D3(A) is a weak ideal

of A:
le1,e2,e3] =0 le1,e2,e3] =0
le1,e2,e4] =eq le1,e2,e4] =eq
[61, €3, € 4] = 2ieq — 2e3 + tey [61, €3, € 4] = —2ieg — 2e3 — ieq
[e2,e3,e4] =0 [e2,e3,e4] =0.
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The end

Thank you !

S. Silvestrov n-Hom-Lie algebras
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