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Introduction

In many areas of applications there may be found relations of the
form

AB = BF(A) (1)

for a certain function F satisfying certain conditions where A, B
are elements of an associative algebra over a field (for example,
field of complex numbers).

This relation appears in Quantum Mechanics, Wavelet Analysis,
and have some connection with Dynamical Systems and for
specific spaces it is related to Spectral Theory.
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Introduction cont.

A pair (A, B) of the corresponding associative algebra that satisfies
(1) called a representation of this relation. One of the main
objectives is to find representations of relation and study their
properties. We construct representations of Relation (1) by linear
integral and multiplication operators on L, spaces.
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Proposition
Let A: Lp(R) — Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

8
(AX)(t):/k(tS)X(S)dS? (Bx)(t) = b(t)x(1),

almost everywhere, where k(t,s) :R x [, 5] = R, a, B ER, is a
measurable function, satisfying

p/q

/ /ﬁ|k(t,s)|qu dt < oo, 2)

R «

1 1
1 < g < oo suchthat —+ — =1 and b e L(R).
p g
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Consider a real valued polynomial
F(t) = 6o + 61t + 02t? 4 ... 4 6,t", where &g, 51, ..., 6, are real
constants. We set

B
ko(t5) = k(£ 5), kn(t, s) :/k(t,r)km_l(T,s)dT, m=Trn

«

Fn(k(t, S)) = zn:(sj'kj_l(t, S), neN. (3)
=1
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Then, AB = BF(A) if and only if for all x € L,(R)

B B
b(t)éox(t)+b(t)/Fn(k(t, s))x(s)ds:/k(t,s)b(s)x(s)ds.

« [0} (4)

If o = 0, that is, F(t) = 01t + d2t? + ...+ 5,t" then the condition
(4) reduces to the following: for almost every (t,s) in R X [a, ]

b(t)Fa(k(t,s)) = k(t,s)b(s). (5)
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Corollary

Let A: Lp(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

8
(AX)(t)Z/k(LS)X(S)ds, (Bx)(t) = b(t)x(1),

almost everywhere, where k(t,s) :R X [, 5] = R, a, B €R, is a
measurable function satisfying (2), b € Loo(R) nonzero such that
the set

supp b N [a, f]

has measure zero. Consider a real valued polynomial
F(t) = 8 + 61t + 62t% + ... 4 5,t", where &, ..., 5, are real
constants.
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We set

ko(t,s) = k(t,s), km(t,s) = k(t,7)km—1(7,8)dT, m=1n

:Q\Q

Fn(k(t,s)) = (Sjkj_]_(t,S), neN.

-,
[y

Then, we have AB = BF(A) if and only if §o = 0 and the set

(supp b x [a, B]) N supp grx

has measure zero in R X [a, 8], where gri : R X [, ] = R
defined by grk(t,s) = Fn(k(t,s)).
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Corollary

Let A, B : Lp([-M, M]) — L,([-M, M]) be nonzero operators
defined as follows

B
(Ax)(t) = / K(t.s)x(s)ds,  (Bx)(t) = b(t)x(2),

«a

almost everywhere, where o, f € R, M = max{|a/, |8},
k(t,s):[-M,M] x [a, 5] = R, b:[-M, M] — R are given by

k(t,s) =aop+ ait +cis,  b(t) = b + byt + byt?,

ao, a1, by, b1, bo, c1 are real numbers. Consider a polynomial
F : R — R defined by F(t) = 61t + 62t2, where 01, 0o are real
numbers.
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Then, we have AB = BF(A) if and only if for almost every (t,s) in
R x [a, f]

b(t)Fa(k(t,s)) = k(t,s)b(s)

which it is equivalent to b(s) = by non-zero constant. In
particular, one of the following cases holds:

1 Ifai=c =0anddy #0, then
1—-4;

ag=——-—.

62(8 — «a)

Otherwise if o = 0 then 6; = 1 and ag is free.
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2 if a3 =0 and d2 # 0 then

20 — 2 — 251 — 52C1(52 — 042)
0~ 205(8 — ) ’

c1 is free. If ag =0, 8 # —« then

2-24
~ 5(B%2—a?)’

Otherwise if o = 0 or 8 = —« then ag, ¢; are free and §; = 1.

C1
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3 c1 =0 and 62 # 0 then

_ 2 — 251 — 5231(ﬁ2 — 042)
%= 262(5 — )

)

ap is free. If ag =0, 8 # —« then
2 —201

dl = 752@;2 — ozz)'
Otherwise if o = 0 or § = —« then ag, a; are free and §; = 1.
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Corollary

Let A: Lp(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0, be
defined as follows

B
/ a(t)e(s)x(s)ds,  (Bx)(t) = b(t)x(t),

almost everywhere, where a € Ly(R), c € Lg([ar, B]) (o, B € R),
1 1
1 < g < oo such that — + i 1 and b € Lo(R). Consider a

p
polynomial F : R — R defined by F(t) = d1t + 62t> + ... + 0,t",
where 01, . ..,6, are real constants. We set
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Then, we have AB = BF(A) if and only if the set

SUupp gac N SUPP &b,

has measure zero in R X [a, (], where gac, gp : R X [, 5] — R are
defined as follows

gac(t,s) = a(t)c(s)

go(t,s) = b(t) Y it —b(s).
j=1
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Let A: Lo(R) — Lp(R), B: Lp(R) — Lp(R), 1 < p < o0 be
defined as follows

2
/a c(s)x(s)ds, (Bx)(t) = b(t)x(t),
0

almost everywhere, where a(t) = ljg 1)(t)(1 + %), ¢(s) =1,

b(t) = 1 21(t)t?. Consider a polynomial F : R — R defined by
F(t) = 61t + 0at? + ...+ 6,t", where 81, ...,d, are real constants.
Then, operators A and B satisfy the relation

AB = BF(A).
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Let A: Lo(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < o0,
a, 8 € R be defined as follows

B
(Ax)(t) = / a1 ()x(s)ds,  (BX)(t) = fa,5(£)x(2),

«

almost everywhere. Let F: R — R, F(t) = 01t + 6t> + ...+ 6nt",
where 41, ...,0, are constants. Then, operators A and B satisfy

AB = BF(A)

if and only if

n

Y GB-ay =1

Jj=1
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Proposition
Let A: Lp(R) = Lp(R), B: Lp(R) = Lp(R), 1 < p < oo be
defined as follows

B
(Ax)(t) = a(t)x(t), (Bx)(t) = / k(t,s)x(s)ds

almost everywhere, where a € L(R), k(t,s) : R x [«, 5] — R,
a, € R, is a Lebesgue measurable function satisfying (2). For a
polynomial F : R — R defined by

F(t) = 8 + 61t + 62t + ...+ 5,t", where 6,01, ...,0, are
constants.
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Then
AB = BF(A)
if and only if the set

supp gar M supp k

has measure zero in R X [a, (], where g.r(t,s) = a(t) — F(a(s)).
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Example
Let A: Lp(R) = Lp(R), B : Lp(R) = Lp(R), 1 < p < o0 be
defined as follows

B
(AX)(E) = a(E)x(), (Bx)(t / b(t ds

almost everywhere, where a(t) = o + /[a M](t) t2, 7o is a real
’ 2

number, b(t) = (1 + t*)lig1,549(t), c(s) = /[L;rgﬁ](s)(l + s%),
a,f €R. Let F:R — R, F(t) = dp + 01t, where dp, 01 € R and
01 # 0. If 8o = o — 170 then the above operators satisfy the
relation

AB — §oBA = §,B.
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