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Outline

Introduction and context.
Basic definitions and properties.
Construction of (n+ 1)-Hom-Lie algebras induced by n-Hom-Lie
algebras.
Comparing solvability and nilpotency of an n-Hom-Lie algebra and
those of an (n+ 1)-Hom-Lie algebra induced by it.

This talk is based on a work done in collaboration with Sergei Silvestrov
and Abdenacer Makhlouf.
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Basic definitions and properties of n-Hom-Lie algebras
Definition

All vector spaces are considered over a field of characteristic 0.

Definition
An n-Hom-Lie algebra is a vector space A together with a skew-symmetric
n-linear map [·, ..., ·] and (n− 1) linear maps αi, 1 ≤ i ≤ n− 1 defined on
A satisfying the Hom-Nambu-Filippov identity:

[α1(x1), ..., αn−1(xn−1), [y1, ..., yn]] =
n∑
i=1

[α1(y1), ..., αi−1(yi−1), [x1, ..., xn−1, yi], αi(yi+1), ..., αn−1(yn)],

∀x1, ..., xn−1, y1, ..., yn ∈ A.
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Basic definitions and properties of n-Hom-Lie algebras
Morphisms

Definition
Let (A, [·, ..., ·], α1, ..., αn−1), (B, {·, ..., ·}, β1, ..., βn−1) be n-Hom-Lie
algebras. An n-Hom-Lie algebra morphism is a linear map f : A→ B
satisfying the conditions:

f([x1, ..., xn]) = {f(x1), ..., f(xn)}, for all x1, ..., xn ∈ A.
f ◦ αi = βi ◦ f , for all i : 1 ≤ i ≤ n− 1.

A linear map satisfying only the first condition is called a weak morphism.

Definition
We refer to an n-Hom-Lie algebra (A, [·, ..., ·], α1, ..., αn−1) such that
α1 = α2 = .... = αn−1 = α by (A, [·, ..., ·] , α).

It is said to be multiplicative if α is an algebra morphism.
It is said to be regular if it is multiplicative and α is an isomorphism.
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Basic definitions and properties of n-Hom-Lie algebras
Subalgebras and ideals

Definition
Let (A, [·, ..., ·], α1, ..., αn−1) be an n-Hom-Lie algebra. Let B be a
subspace of A invariant under all the linear maps αi:

If for all x1, ..., xn ∈ B we have [x1, ..., xn] ∈ B, then B is a
subalgebra of A.
If for all x1, ..., xn−1 ∈ A, and y ∈ B we have [x1, ..., xn−1, y] ∈ B,
then B is an ideal of A.

If we drop the invariance under the twisting maps, B will be called a weak
subalgebra or a weak ideal respectively.
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Solvability and nilpotency of n-Hom-Lie algebras

Definition
Let (A, [·, ..., ·] , α1, ..., αn−1) be an n-Hom-Lie algebra, and let I be an
ideal of A. For 2 ≤ k ≤ n, we define the k-derived series of the ideal I by:

D0
k(I) = I and Dp+1

k (I) =

Dp
k(I), ..., D

p
k(I)︸ ︷︷ ︸

k

, A, ..., A︸ ︷︷ ︸
n−k

 .
We define the k-central descending series of I by:

C0
k(I) = I and Cp+1

k (I) =

Cpk(I), I, ..., I︸ ︷︷ ︸
k−1

, A, ..., A︸ ︷︷ ︸
n−k

 .
If there exists r ∈ N such that Dr

k(I) = {0} (resp. Crk(I) = {0}), the ideal
I is said to be k-solvable (resp. k-nilpotent).
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(n+ 1)-Hom-Lie algebras induced by n-Hom-Lie algebras

Definition
Let A be a vector space. For an n-linear map φ : An → A we call a linear
map τ : A→ K a φ-trace if τ (φ(x1, ..., xn)) = 0 for all x1, ..., xn ∈ A.

Let (A, φ, α1, ..., αn−1) be an n-Hom-Lie algebra, τ a φ-trace and
αn : A→ A a linear map. Define φτ : An+1 → A by:

φτ (x1, ..., xn+1) =

n+1∑
k=1

(−1)k−1τ(xk)φ (x1, ..., xk−1, xk+1, ..., xn+1)
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(n+ 1)-Hom-Lie algebras induced by n-Hom-Lie algebras

Theorem
If it holds that

τ (αi(x)) τ(y) = τ(x)τ (αi(y)) (1)
τ (αi(x))αj(y) = τ (αj(x))αi(y) (2)

for all i, j ∈ {1, ..., n} and all x, y ∈ A, then (A, φτ , α1, ..., αn) is an
(n+1)-Hom-Lie algebra. We shall say that (A, φτ , α1, ..., αn) is induced by
(A, φ, α1, ..., αn−1). We refer to A when considering the given n-Hom-Lie
algebra and Aτ when considering the induced (n+ 1)-Hom-Lie algebra.
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(n+ 1)-Hom-Lie algebras induced by n-Hom-Lie algebras

The condition of the existence of an element u ∈ A satisfying

∀x1, ..., xn ∈ A, [x1, ..., xn, u]τ = [x1, ..., xn] , (3)

appears often and allows to have more properties for the induced algebra.
It was used for several results before, and will be used bellow. Such an
element is characterized by:

Proposition
An element u ∈ A, where the algebra A is not abelian, satisfies

[x1, ..., xn, u]τ = [x1, ..., xn] ,∀x1, ..., xn ∈ A,

if and only if u ∈ Z(A) and τ(u) = (−1)n.
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(n+ 1)-Hom-Lie algebras induced by n-Hom-Lie algebras

Proposition
Let B be a subalgebra of A. If αn(B) ⊆ B then B is also a subalgebra of
Aτ .

Proposition
Let J be an ideal of A. If αn(J) ⊆ J , then J is an ideal of Aτ if and only if

[A, ..., A] ⊆ J or J ⊆ ker τ.

Proposition

If there exists u ∈ A satisfying condition (3), then every ideal of Aτ is an
ideal of A.
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Let (A, [·, ..., ·] , α) be a multiplicative n-Hom-Lie algebra, τ be a trace
satisfying τ ◦ α = τ , and (A, [·, ..., ·]τ , α) the induced algebra.

Proposition
Let (Cp(A))p be the central descending series of A, and (Cp(Aτ ))p be the
central descending series of Aτ . Then we have

Cp(Aτ ) ⊂ Cp(A),∀p ∈ N.

If there exists u ∈ A such that
[u, x1, ..., xn]τ = [x1, ..., xn] , ∀x1, ..., xn ∈ A, then

Cp(Aτ ) = Cp(A),∀p ∈ N.

Theorem
if A is nilpotent of class p, we have Aτ is nilpotent of class at most p.
Moreover, if there exists u ∈ A such that
[u, x1, ..., xn]τ = [x1, ..., xn] , ∀x1, ..., xn ∈ A, then A is nilpotent of class p
if and only if Aτ is nilpotent of class p.
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In the following, let (A, [·, ..., ·] , α1, ..., αn−1) be an n-Hom-Lie algebra, τ
and αn be a trace and a linear map satisfying the compatibility conditions,
and (A, [·, ..., ·]τ , α1, ..., αn) be the induced algebra, let I be an ideal of A
that is also an ideal of Aτ . We denote by (Dr

k(Iτ )) and (Crk(Iτ )) the
k-derived series and the k-central descending series of an ideal I in the
induced algebra.

Proposition

For all 2 ≤ k ≤ n and r ∈ N, we have:

Dr
k(Iτ ) ⊆ Dr

k(I),

and if there exists u ∈ A such that

∀x1, ..., xn ∈ A, [x1, .., xn, u]τ = [x1, ..., xn] ,

then Dr
k(Iτ ) = Dr

k(I).
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Proposition
Let I be an ideal of A that is also an ideal of Aτ , then for all 2 ≤ k ≤ n. If
I is k-solvable of class r in A then it is k-solvable of class at most r in Aτ .
Moreover if there exists u ∈ A satisfying condition (3), then the converse
also holds.
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Proposition

Let I be an ideal of A that is also an ideal of Aτ , then for all
2 < k ≤ n+ 1 and r ∈ N, we have:

Crk(Iτ ) ⊆ Crk−1(I).

Moreover, if there exists u ∈ A such that for all x1, ..., xn ∈ A, we have
[x1, .., xn, u]τ = [x1, ..., xn], then, for all 2 ≤ k ≤ n, we have:

Crk(I) ⊆ Crk(Iτ ).

Proposition

Let I be an ideal of A that is also an ideal of Aτ and suppose that there
exists u ∈ A such that for all x1, ..., xn ∈ A, we have
[x1, .., xn, u]τ = [x1, ..., xn] and that this u is an element of I, then for all
2 < k ≤ n+ 1 and r ∈ N, we have:

Crk(Iτ ) = Crk−1(I).
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Proposition

Let I be an ideal of A such that I ⊆ ker(τ), then for all 2 ≤ k ≤ n and
r ∈ N, we have:

Crk(Iτ ) ⊆ Crk(I).

Moreover, if there exists u ∈ A such that for all x1, ..., xn ∈ A, we have
[x1, .., xn, u]τ = [x1, ..., xn], then we have:

Crk(I) = Crk(Iτ ).
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Theorem

Let I be an ideal of A that is also an ideal of Aτ , then for all 2 ≤ k ≤ n:
1 If I is k-nilpotent of class r in A then it is (k+1)-nilpotent of class at

most r in Aτ . If there exists u ∈ A satisfying condition (3) and that
u ∈ I, then the converse is true.

2 If I is k-nilpotent of class r in Aτ and there exists u ∈ A satisfying
condition (3) then it is k-nilpotent of class at most r in A.

3 If I is k-nilpotent of class r in A and I ⊆ ker τ then it is k-nilpotent
of class at most r in Aτ .
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Examples

Consider the 5-dimensional 3-Hom-Lie algebra (A, [·, ·, ·] , α), defined with
respect to the basis (ei)1≤i≤5 by:

[e2, e3, e4] = e2 +
√
2e3; [e1, e3, e4] =

√
2e2 + e3; [e1, e2, e4] = −e1.

[α] =


0 0 −1 a14 0

1
√
2 0 a24 0√

2 1 0 a34 0
0 0 0 1 0
0 0 0 0 1

 .

We choose the following trace map

τ(x) = τ

(
5∑

k=1

xiei

)
= t4x4 + x5,

The compatibility conditions are satisfied and we get the following
4-Hom-Lie algebra

[e2, e3, e4, e5]τ = e2+
√
2e3; [e1, e3, e4, e5]τ =

√
2e2+e3; [e1, e2, e4, e5]τ = −e1.
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ker τ = 〈{−e4 + t4e5, e1, e2, e3}〉

In this case, there exists an element u satisfying the condition 3.

Table: Derived series for A

r = 1 r ≥ 2

Dr
k(A) Dr

k(Aτ ) Dr
k(A) Dr

k(Aτ )

k = 2 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 3 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 {0} {0}
k = 4 N/A 〈{e1, e2, e3}〉 N/A {0}
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Table: Derived series for I = ker τ

r = 1 r ≥ 2

Dr
k(I) Dr

k(Iτ ) Dr
k(I) Dr

k(Iτ )

k = 2 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 3 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉 {0} {0}
k = 4 N/A {0} N/A {0}
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Table: Central descending series for A and I = ker τ

r ≥ 1 Crk(A) Crk(Aτ )

k = 2 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 3 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 4 N/A 〈{e1, e2, e3}〉
r ≥ 1 Crk(I) Crk(Iτ )

k = 2 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 3 〈{e1, e2, e3}〉 〈{e1, e2, e3}〉
k = 4 N/A {0}
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Consider the 5-dimensional 3-Hom-Lie algebra (A, [·, ·, ·] , α), defined with
respect to the basis (ei)1≤i≤5 by:

[e2, e3, e4] = −e1 − e2; [e1, e3, e4] = e1; [e2, e4, e5] = e1; [e1, e4, e5] = −e2.

[α] =


0 1 0 a14 0
−1 0 0 a24 0
0 0 1 a34 0
0 0 0 −1 0
0 0 −1 a54 −1

 .

We choose the following trace map

τ(x) = τ

(
5∑

k=1

xiei

)
= t3x3 +

1

2
a34t3x4,

and we get the following 4-Hom-Lie algebra

[e1, e3, e4, e5]τ = t3e2; [e2, e3, e4, e5]τ = −t3e1.

ker τ = 〈{e1, e2,−
1

2
a34e3 + e4, e4}〉
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Note that in this case, there exists no element u satisfying the condition 3.

Table: Derived series for A

r = 1 r ≥ 2

Dr
k(A) Dr

k(Aτ ) Dr
k(A) Dr

k(Aτ )

k = 2 〈{e1, e2}〉 〈{e1, e2}〉 {0} {0}
k = 3 〈{e1, e2}〉 〈{e1, e2}〉 {0} {0}
k = 4 N/A 〈{e1, e2}〉 N/A {0}

Table: Derived series for I = ker τ

r = 1 r ≥ 2

Dr
k(I) Dr

k(Iτ ) Dr
k(I) Dr

k(Iτ )

k = 2 〈{e1, e2}〉 〈{e1, e2}〉 {0} {0}
k = 3 〈{e1, e2}〉 〈{e1, e2}〉 {0} {0}
k = 4 N/A {0} N/A {0}
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Table: Central descending series for A and I = ker τ

r ≥ 1 Crk(A) Crk(Aτ )

k = 2 〈{e1, e2}〉 〈{e1, e2}〉
k = 3 〈{e1, e2}〉 〈{e1, e2}〉
k = 4 N/A 〈{e1, e2}〉

r ≥ 1 Crk(I) Crk(Iτ )

k = 2 〈{e1, e2}〉 〈{e1, e2}〉
k = 3 〈{e1, e2}〉 〈{e1, e2}〉
k = 4 N/A {0}
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The End

Thank you
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