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Pseudo-Riemannian Real Calculi
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Real Calculi, Definition

A real calculus is a structure C4 = (A, g, M, ¢), where

e A is a unital *-algebra,

@ g C Der(A) is a real Lie algebra of derivations on A,

e M is a (right) A-module, and

@ ¢ :g— Mis a R-linear map such that ¢(g) generates M.
Initial example: Let ¥ be a smooth manifold. With

e A=C>(Y),

e g = Der(C>*(X)),

e M = X(X) (the module of smooth vector fields over ¥), and

@ ¢ = the natural isomorphism between smooth vector fields
and derivations,

we have that C4 = (A, g, M, p) is a real calculus.
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Pseudo-Riemannian Real Calculi
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Metrics

Let Cq4 = (A, g, M, p) be a real calculus. A metric
h: M x M — Ais a Hermitian form that is non-degenerate, i.e.

e h(my + my, n) = h(my, n) + h(my, n) for all my, my,n € M,
@ h(m,n-a)= h(m,n)aforall mne M, ac A,

e h(m,n) = h(n,m)* for all m,n € M, and

@ h(mn)=0forallne M= m=0.

Moreover, if h(p(01), p(02)) = h(p(01), p(F2))* for all 01,0, € g
(i.e., it is truly symmetric on ©(g)) then (Cu, h) is called a real
metric calculus.
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Pseudo-Riemannian Real Calculi
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Connections

Let C4 = (A, g, M, ) be a real calculus. An affine connection
V:gx M — M is a map that satisfies

e Vo(m+n)=Vaom+ Vgn for all myne€ M and 0 € g,

° Vg +a,m = AVgm+ Vg mforallme M, A € R and
61,62 €g, and

e Vyo(m-a)=(Vgogm)-a+ m-9(a) forall me M, 0 € g and
ae A

With a metric, define a notion of a metric and torsion-free
connection V to satisfy the following:

Metric:  d(h(m, n)) = h(Vam, n) + h(m,Van)Vy,,
Torsion-free: Vy,0(9;) — Va,0(0i) — ¢([9i, 9j]) = 0.
If V is metric and torsion-free, we say that (Cy, h, V) is

pseudo-Riemannian.
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Real Calculus Homomorphisms
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Real Calculus Homomorphisms

Let Cq4=(A,g,M,p) and Cyr = (A, g', M', ) be two real
calculi. (¢,,1) is said to be a real calculus homomorphism from
C4 to Cy if the following conditions are satisfied:
Q ¢: A— A'is a *-algebra homomorphism,
@ ¢ :g — gis a Lie homomorphism such that
5(o(a)) = o(v(8)(a)) for all 6 € g’ and a € A.
© My is the submodule of M generated by ¢(¢(g)), and
¥ : My — M’ is a map that satisfies

° 1/}(m1 + m2) 1/J(m1) + 1[)(m2) for all my, my € My,
o (m-a) = P(m) - ¢(a) for all m € My and a € A, and
o Y(p(¢(9))) = ¢'(9) for all 6 < ¢,
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Real Calculus Homomorphisms
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lllustration of a Real Calculus Homomorphism

A schematic picture illustrating the real calculus homomorphism
(¢.9,9) : Ca — Car:
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Real Calculus Homomorphisms
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Embeddings of Real Calculi

A real calculus homomorphism (qb,@!),q/;) : Cq4 — Cy is called an
embedding of Ca into Cy4 if ¢ is surjective and there is a
submodule M of M such that M = My & M.

Moreover, if (C4, h) and (Cys, h') are real metric calculi such that
W (b(m), P(n)) = ¢(h(m, n)) for all m,n € My and

M = My @ Mg (w.r.t h), then we say that (Ca, h) is isometrically
embedded into (Cy4, h) by (¢,1,1)).
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General Results
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Orthogonal decomposition of V

Let (Ca,h, V) and (Cy/, h', V') be pseudo-Riemannian calculi such
that (¢,1,v) : C4 — Cy is an isometric embedding of (Car, h')
into (C, h).

Let me My and let £ € I\/IUL,. One may split V into tangential and
normal parts in the following way:

Vysym = L(6, m) + a(d, m) (Gauss’ formula)
V)6 = —Ae(0) + Ds¢  (Weingarten's formula);

a: g x My — Mg is called the second fundamental form, and
A:g x M$ — My is called the Weingarten map.
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General Results
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General results

@ Proposition: L is the Levi-Civita connection for the embedded
calculus.

@ « and A behave like their classical counterparts:

(01, V(02)) = a(d2, V(d1)),

Oz()\151 + A10o, m) = )\10[((51, m) + /\204((52, m)

a(0, ma + mpap) = a(01, m)ay + (o1, my)a,
and h(A§(5)7 m) = h(&, (5, m)).

@ Gauss’ formula for the curvature of an embedding can be
formulated and proven in the context of pseudo-Riemannian
calculi:

d)( (E17 (03784)E2)) :h/(E]/_aRl(63764)El)
+ ¢( ( (54, 1)7 OL( )))
_d)( ( (53,E]_),OZ( )))
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Minimal Embeddings
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Free real calculi

To study minimality of an embedding, we restrict our attention to
so-called free real calculi. A real calculus Cq = (A, g, M, p) is said
to be free if M is free, and there is a basis {01, ..., Ok} of g that
generates a basis {¢(01), ..., (0k)} of M.

Moreover, if (C4, h) is a real metric calculus such that C4 is free
and the metric h is invertible, then (C4, h) is said to be a free real
metric calculus.

@ Far from all real metric calculi are also free, but one gains
structure to work with in return.

@ For a free real metric calculus (Cy, h), there is always a unique
connection V such that (Cy, h, V) is pseudo-Riemannian.
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Minimal Embeddings
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Mean curvature and minimality of an embedding

Let (Ca,h, V) and (Cq, ', V') be pseudo-Riemannian real calculi
such that (Cy4, h) and (Cy4/, h') are free, and let

(¢,,1) : Cq4 — Cy be an isometric embedding of (Cy4/, h') into
(Cash).

For a basis {01, ..., 0x} of g’, define the mean curvature
H.A’ M — A as:

Hoar(m) = ¢(h(m, a(é;, W(5;)))(H)?, me M.

@ The value of H4/(m) is independent of the choice of basis
{01,...,0k} forall me M,

° HA/(m) =0 for all m € My,

@ We say that an embedding is minimal if the mean curvature is
zero, i.e. Hy(m) =0 for all m € My;.
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Minimal Embeddings
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The noncommutative torus and the noncommutative

3-sphere

° T(,2 : The noncommutative torus is the *-algebra with unital
generators U, V satisfying the relation VU = qUV/, where
qg= e2™%. Choose derivations 01,02 given by:

01(U) =iU 90(U)=0
01(V)=0 (V) =iV.
We have that [d1, 2] = 0.
o S2 : The noncommutative 3-sphere is the unital *-algebra with
generators Z, Z*, W, W* subject to the relations
WZ = qzZW W*7Z = gzw* Wz* = qzZ*W
W*zZ* = qZ* W* 7*7 = 77* w*w = ww*
Ww* =1 - 2z,
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Minimal Embeddings
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Continuation, and a concrete embedding of T7 into S3

Choose derivations 91, 0>, 03 of 593, given by:
(Z) =iz, 92(Z) =0, 93(2) = Z|W/|?
n(W)=0 R(W) = iw KR(W) = -W|Z)?,

where |Z|2 := ZZ* and |W/|? :== WW*. We have that [0;,0;] = 0
forall i,j =1,2,3.

An embedding of T92 into 593 is achieved by the *-homomorphism
¢:S3 — T2 given by ¢(Z) = AU and ¢(W) = uW, where X and
1 are nonzero complex constants such that [A]? + |u|? = 1.
Embedding is minimal for the standard metric if |\| = |u| = 1/v/2.
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Future Research
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Future research

@ Future work on minimal embeddings involves trying to develop
a more general definition of mean curvature dealing with cases
where a module is, for instance, projective.

@ More generally regarding real calculus homomorphisms, future
work involves developing a better understanding of when two
real calculi are isomorphic, and our current research is
centered around classifying real calculi for finite
noncommutative spaces.
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The End

16/16



	Pseudo-Riemannian Real Calculi
	Real Calculus Homomorphisms
	General Results
	Minimal Embeddings
	Future Research

