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Steinberg algebras

Studied by a lot of people...

Ara, Arando Pino, Barquero, Beuter, Brown,
Carlsen, Clark, Demeneghi, Edie-Michell, EXxael,
Farthing, Goncalez, Goncalves, Hazrat, an Huef,
Li, Molina, Nam, Oinert, Pangalela, Pardo,
Raeburn, Rout, Royer, Ruiz, Sierakowski,

Siles Molina, Sims, Steinberg, Tomforde...

and many more!



why?

e OIld question by von Neumann (and others):
"What properties in operator algebra theory arise
from discrete underlying strutures?’”

e Algebraic analogues of groupoid C*-algebras.

e Includes discrete inverse semigroup algebras and
the class of higher rank Kumjian-Pask algebras
which in turn includes the class of Leavitt path
algebras.



T heorem A

(Brown, Steinberg, Clark and Edie-Michel 2016)
If G is a Hausdorff and ample topological groupoid,
and K is a commutative unital ring, then the
Steinberg algebra Ax (G) is simple if and only if
G 1s effective and minimal, and K is a field.

T heorem B

(Beuter, Goncalves, Oinert and Royer 2017)

If = is a locally unital partial action of an inverse
semigroup S on an associative, commutative and
locally unital ring A, then the skew inverse semi-
group ring Ax;S is simple if and only if A is S-simple
and A is a maximal commutative subring of A x; S.
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Rosetta stone

From a result by Beuter and Goncalves (2017)
it follows that every Steinberg algebra can be
described as a skew inverse semigroup ring.

T heorem

(Beuter, Goncalves, Oinert and Royer 2017)
Theorem B = Theorem A



My motivation

(Remark by Beuter and Goncalves 2017)
Let R= A xz S and put Rs = Dgds.

e R IS a system:.:

R= ) Rs and RsR; C Ry for s,t € S.
sesS

e R IS coherent:

Rs C Ry for s, t € § with s < t.



My question

Is there a generalization of Theorem B,
valid for coherent systems?
Yes, at least the sufficient parts...

T heorem C

If S is an inverse semigroup and R is a system
simple coherent left (right) s-unital epsilon-strong
system and Cr(Z(Rgp)) C Rg, then R is simple.

T heorem D

If R i1s an idempotent coherent, system simple,
left (right) minimally nondegenerate system
and Cr(Z(Rgp)) C Rg, then R is simple.



T hree implications

T heorem D

Y

T heorem C

Y
(Sufficient part of) Theorem B

U
(Sufficient part of) Theorem A



Ring
e Associative

e Not necessarily commutative

e NoOt necessarily unital

Semigroup

Non-empty set S equipped with an associative
binary operation S x S > (s,t) — st € S.



Ring extension A/B

Means that A O B. The centralizer of B in A,
denoted by C4(B), is the set of elements in A that
commute with every element of B.

If C4(B) = B, then B is said to be a maximal
commutative subring of A. The set C4(A) is called
the center of A and is denoted by Z(A).

Ideal intersection property

The ring extension A/B is said to have the ideal
intersection property if every non-zero ideal of A
has non-zero intersection with B.
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Weak degree map
(Nystedt and Oinert 2014)

Let A/B be a ring extension. Suppose that
d: A — Z>g is a function and let [ be an ideal of A.
We say that a € 1 is I-minimal if

d(a) = min{d(x) |z € I and d(x) > 0}.

We say that d is a weak degree map for A/B if it
satisfies the following two conditions:

(d1l) If a € A, then d(a) = 0 if and only if ¢« = 0.

(d2) For every non-zero ideal I of A there is an
I-minimal element a such that for all b € B the
inequality d(ab — ba) < d(a) holds.
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Proposition

If A/B has a weak degree map, then A/C4(B) has
the ideal intersection property.

Proof

Suppose that d: A — Z>g is a weak degree map for
A/B. Let I be a non-zero ideal of A. From (d2) it
follows that there is an /-minimal element a such
that for all b €¢ B the inequality d(ab — ba) < d(a)
holds. From (d1) and the definition of I-minimality
it follows that for all b € B the relation ab — ba = 0O
holds. Thus a € C4(B) N 1.
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System

Let R be aring and let S be a semigroup. The ring
R is called a system if there to every s € S IS an
additive subgroup Rs; of R such that

[ R:ZSGSRS and
o RsRy C Ry fOr s,t € S.

If R IS a system, then it is called strong if
for all s,t € S the equality RsR; = Rs holds.

If R i1s a system, then it is called graded if
R — EBSGSRS'

If R IS graded, then it is called strongly graded
iIf it Is also a strong system.
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Idempotent coherent

Let R be a system. Let E(S) denote the set of
iIdempotents of S and put Ro = ) .cg(g) Re. VWe say
that R is idempotent coherent if for all s € S the
iInclusions RgRs € Rs and RsRg € Rs hold. In that
case, Rp iIs a subring of R.

Weak degree map

Let R be a system. Define a function d: R — Zx>g
in the following way.

If » =0, then put d(r) = 0.

If r =0, then thereis n €N, s1,...,s, € S and non-
zero r; € R, for i =1,...,n, such that »r =371"_; r;.
Amongst all such representations of r, choose one
with n minimal. Put d(r) = n.
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Minimally hon-degenerate

Let R be a system. We say that R is left (right)
Mminimally non-degenerate if for all non-zero ideals
I of R and all I-minimal elements r with d(r) = n
and all r; € R, fori=1,...,n, such that r =571, r;,
thereist € S and i € {1,...,n} such that ts; € E(S)
(s;t € E(S)) and R;r is non-zero (rR; iS non-zero).

Proposition (*)

Let R be a system. If R is idempotent coherent
and left (right) minimally non-degenerate, then
R/Cr(Z(Rgp)) has the ideal intersection property.

Show that d is a weak degree map for R/Z(Rgp).
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System ideal

Let R be a system. Let I be an ideal of R. We say
that [ is a system ideal if [ =} ;g1 N Rs. We say
that R is system simple if R and {0} are the only
system ideals of R. Note that if R is simple, then
R 1s system simple.

Proof of Theorem D

Let I/ be a non-zero ideal of R. From Prop. (*)
it follows that the additive group J =1INCgr(Z(Rp))
IS non-zero. From the assumption Cr(Z(Rg)) C Rg
it follows that J C Ryg. Thus K = RJR+ J IS a non-
zero system ideal of R. From system simplicity of
R it follows that K = R. Thus R= K = RJR+ J C
RIR+1 =1 and hence R =1.
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Modules

Let A be a ring and let M be a left A-module.

We say that M is...

...unital if there exists a € A such that for all m € M
the equality am = m holds;

...S-unital if for all m € M there exists a«a € A such
that am = m;

.unitary if AM = M.
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Inverse semigroup

Let S be a semigroup. S is said to be an inverse
semigroup if there for all s € S exists a unique s* ¢ S
such that ss*s = s and s*ss™ = s*.

Partial order

Let S be an inverse semigroup. Define a partial
order < on S by saying that if s,t € S, then s <t if
s =ts*s (& s = ss™t).
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Remark

Let S be an inverse semigroup and let R

be a system. Take s & S. Then:
o RsR.+ IS a ring

e Rs; is an RsR R «Rs-bimodule.
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Epsilon-strong system

Let S be an inverse semigroup and let R be a
system. Let X denote either of:

e 'unital”
e 's-unital”
e ''Unitary”’.

We say that R is left (right) X epsilon-strong if for
all s € S the left RsR.«-module (right R «Rs-module)
Rsi1s X. If R is both left and right X epsilon-strong,
then we say that R is X epsilon-strong.
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Remark

Let S be an inverse semigroup and let R be a

system. The following are equivalent:

e R IS a left unitary epsilon-strong system
e R IS a right unitary epsilon-strong system
e R IS a unitary epsilon-strong system

e R 1S symmetric, that is for all s € S:

RSRs*RS — Rs.
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Proposition

If R is a coherent and left (right) s-unital epsilon-

strong system, then R is left (right) minimally non-
degenerate.

Using this proposition and Theorem D we can
therefore deduce Theorem C.
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Using Theorem C we can prove:

T heorem B’

Suppose that 7 is an s-unital partial action of an
inverse semigroup S on an associative (but not
necessarily commutative) s-unital ring A. If A is S-
simple and Cy,_g(Z(A)) C A, then the skew inverse
semigroup ring A x; S IS simple.
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Using Theorem B’ we can prove:

T heorem A’

Suppose that K is a simple and associative (but
not necessarily commutative or unital) ring with
the property that Z(K) contains a set of s-units for
K. If G is a Hausdorff, ample, effective and mini-
mal groupoid, then the Steinberg algebra A, (G) is
simple.
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Non-Hausdorff Theorem A
(Clark, Exel, Pardo, Sims, Starling 12/6-2018)

If K is a field and G is a second-countable, ample
groupoid such that Gg is Hausdorff, then A, (G) is
simple if and only if the following three conditions
are satisfied:

(1) G is minimal
(2) G is effective

(3) for all non-zero f € A (G) the support of f has
non-empty interior.

25



Remark

There do not seem to be a way to prove
Non-Hausdorff Theorem A using Theorem B.

Question

Is it possible to prove Non-Hausorff Theorem A
using Theorem D (or even Theorem C) 7
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T hank you!
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