
Epsilon-strong systemsskew inverse semigroup ringsand Steinberg algebras

Patrik NystedtDepartment of Engineering S
ien
e
1



Steinberg algebrasStudied by a lot of people...Ara, Arando Pino, Barquero, Beuter, Brown,Carlsen, Clark, Demeneghi, Edie-Mi
hell, Exel,Farthing, Gon
alez, Gon
alves, Hazrat, an Huef,Li, Molina, Nam, Öinert, Pangalela, Pardo,Raeburn, Rout, Royer, Ruiz, Sierakowski,Siles Molina, Sims, Steinberg, Tomforde...and many more!
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Why?

• Old question by von Neumann (and others):�What properties in operator algebra theory arisefrom dis
rete underlying strutures?�
• Algebrai
 analogues of groupoid C*-algebras.

• In
ludes dis
rete inverse semigroup algebras andthe 
lass of higher rank Kumjian-Pask algebraswhi
h in turn in
ludes the 
lass of Leavitt pathalgebras.
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Theorem A(Brown, Steinberg, Clark and Edie-Mi
hel 2016)If G is a Hausdor� and ample topologi
al groupoid,and K is a 
ommutative unital ring, then theSteinberg algebra AK(G) is simple if and only if
G is e�e
tive and minimal, and K is a �eld.

Theorem B(Beuter, Gon
alves, Öinert and Royer 2017)If π is a lo
ally unital partial a
tion of an inversesemigroup S on an asso
iative, 
ommutative andlo
ally unital ring A, then the skew inverse semi-group ring A⋊πS is simple if and only if A is S-simpleand A is a maximal 
ommutative subring of A⋊π S.4



Rosetta stoneFrom a result by Beuter and Gon
alves (2017)it follows that every Steinberg algebra 
an bedes
ribed as a skew inverse semigroup ring.

Theorem(Beuter, Gon
alves, Öinert and Royer 2017)Theorem B ⇒ Theorem A
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My motivation(Remark by Beuter and Gon
alves 2017)Let R = A ⋊π S and put Rs = Dsδs.
• R is a system:

R =
∑

s∈S
Rs and RsRt ⊆ Rst for s, t ∈ S.

• R is 
oherent:
Rs ⊆ Rt for s, t ∈ S with s ≤ t.
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My questionIs there a generalization of Theorem B,valid for 
oherent systems?Yes, at least the su�
ient parts...

Theorem CIf S is an inverse semigroup and R is a systemsimple 
oherent left (right) s-unital epsilon-strongsystem and CR(Z(R0)) ⊆ R0, then R is simple.

Theorem DIf R is an idempotent 
oherent, system simple,left (right) minimally nondegenerate systemand CR(Z(R0)) ⊆ R0, then R is simple. 7



Three impli
ationsTheorem D

⇓Theorem C

⇓(Su�
ient part of) Theorem B
⇓(Su�
ient part of) Theorem A
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Ring

• Asso
iative

• Not ne
essarily 
ommutative
• Not ne
essarily unital

SemigroupNon-empty set S equipped with an asso
iativebinary operation S × S ∋ (s, t) 7→ st ∈ S.
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Ring extension A/BMeans that A ⊇ B. The 
entralizer of B in A,denoted by CA(B), is the set of elements in A that
ommute with every element of B.If CA(B) = B, then B is said to be a maximal
ommutative subring of A. The set CA(A) is 
alledthe 
enter of A and is denoted by Z(A).

Ideal interse
tion propertyThe ring extension A/B is said to have the idealinterse
tion property if every non-zero ideal of Ahas non-zero interse
tion with B. 10



Weak degree map(Nystedt and Öinert 2014)Let A/B be a ring extension. Suppose that
d : A → Z≥0 is a fun
tion and let I be an ideal of A.We say that a ∈ I is I-minimal if

d(a) = min{d(x) | x ∈ I and d(x) > 0}.We say that d is a weak degree map for A/B if itsatis�es the following two 
onditions:(d1) If a ∈ A, then d(a) = 0 if and only if a = 0.(d2) For every non-zero ideal I of A there is an

I-minimal element a su
h that for all b ∈ B theinequality d(ab− ba) < d(a) holds. 11



PropositionIf A/B has a weak degree map, then A/CA(B) hasthe ideal interse
tion property.

ProofSuppose that d : A → Z≥0 is a weak degree map for

A/B. Let I be a non-zero ideal of A. From (d2) itfollows that there is an I-minimal element a su
hthat for all b ∈ B the inequality d(ab − ba) < d(a)holds. From (d1) and the de�nition of I-minimalityit follows that for all b ∈ B the relation ab − ba = 0holds. Thus a ∈ CA(B) ∩ I. 12



SystemLet R be a ring and let S be a semigroup. The ring
R is 
alled a system if there to every s ∈ S is anadditive subgroup Rs of R su
h that
• R =

∑
s∈S Rs and

• RsRt ⊆ Rst for s, t ∈ S.If R is a system, then it is 
alled strong iffor all s, t ∈ S the equality RsRt = Rst holds.If R is a system, then it is 
alled graded if

R = ⊕s∈SRs.If R is graded, then it is 
alled strongly gradedif it is also a strong system. 13



Idempotent 
oherentLet R be a system. Let E(S) denote the set ofidempotents of S and put R0 =
∑

e∈E(S)Re. We saythat R is idempotent 
oherent if for all s ∈ S thein
lusions R0Rs ⊆ Rs and RsR0 ⊆ Rs hold. In that
ase, R0 is a subring of R.

Weak degree mapLet R be a system. De�ne a fun
tion d : R → Z≥0in the following way.If r = 0, then put d(r) = 0.If r 6= 0, then there is n ∈ N, s1, . . . , sn ∈ S and non-zero ri ∈ Rsi, for i = 1, . . . , n, su
h that r =
∑n

i=1 ri.Amongst all su
h representations of r, 
hoose onewith n minimal. Put d(r) = n. 14



Minimally non-degenerateLet R be a system. We say that R is left (right)minimally non-degenerate if for all non-zero ideals
I of R and all I-minimal elements r with d(r) = nand all ri ∈ Rsi, for i = 1, . . . , n, su
h that r =

∑n
i=1 ri,there is t ∈ S and i ∈ {1, . . . , n} su
h that tsi ∈ E(S)(sit ∈ E(S)) and Rtr is non-zero (rRt is non-zero).

Proposition (*)Let R be a system. If R is idempotent 
oherentand left (right) minimally non-degenerate, then

R/CR(Z(R0)) has the ideal interse
tion property.Show that d is a weak degree map for R/Z(R0).15



System idealLet R be a system. Let I be an ideal of R. We saythat I is a system ideal if I =
∑

s∈S I ∩ Rs. We saythat R is system simple if R and {0} are the onlysystem ideals of R. Note that if R is simple, then
R is system simple.

Proof of Theorem DLet I be a non-zero ideal of R. From Prop. (*)it follows that the additive group J = I ∩CR(Z(R0))is non-zero. From the assumption CR(Z(R0)) ⊆ R0it follows that J ⊆ R0. Thus K = RJR+ J is a non-zero system ideal of R. From system simpli
ity of

R it follows that K = R. Thus R = K = RJR + J ⊆

RIR+ I = I and hen
e R = I. 16



ModulesLet A be a ring and let M be a left A-module.We say that M is......unital if there exists a ∈ A su
h that for all m ∈ Mthe equality am = m holds;...s-unital if for all m ∈ M there exists a ∈ A su
hthat am = m;...unitary if AM = M. 17



Inverse semigroupLet S be a semigroup. S is said to be an inversesemigroup if there for all s ∈ S exists a unique s∗ ∈ Ssu
h that ss∗s = s and s∗ss∗ = s∗.

Partial orderLet S be an inverse semigroup. De�ne a partialorder ≤ on S by saying that if s, t ∈ S, then s ≤ t if

s = ts∗s (⇔ s = ss∗t).
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Remark

Let S be an inverse semigroup and let Rbe a system. Take s ∈ S. Then:
• RsRs∗ is a ring
• Rs is an RsRs∗-Rs∗Rs-bimodule.
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Epsilon-strong systemLet S be an inverse semigroup and let R be asystem. Let X denote either of:
• �unital�

• �s-unital�

• �unitary�.We say that R is left (right) X epsilon-strong if forall s ∈ S the left RsRs∗-module (right Rs∗Rs-module)

Rs is X. If R is both left and right X epsilon-strong,then we say that R is X epsilon-strong.
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RemarkLet S be an inverse semigroup and let R be asystem. The following are equivalent:
• R is a left unitary epsilon-strong system
• R is a right unitary epsilon-strong system
• R is a unitary epsilon-strong system
• R is symmetri
, that is for all s ∈ S:

RsRs∗Rs = Rs.
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PropositionIf R is a 
oherent and left (right) s-unital epsilon-strong system, then R is left (right) minimally non-degenerate.Using this proposition and Theorem D we 
antherefore dedu
e Theorem C.

22



Using Theorem C we 
an prove:Theorem B′Suppose that π is an s-unital partial a
tion of aninverse semigroup S on an asso
iative (but notne
essarily 
ommutative) s-unital ring A. If A is S-simple and CA⋊πS(Z(A)) ⊆ A, then the skew inversesemigroup ring A ⋊π S is simple.
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Using Theorem B′ we 
an prove:Theorem A′Suppose that K is a simple and asso
iative (butnot ne
essarily 
ommutative or unital) ring withthe property that Z(K) 
ontains a set of s-units for

K. If G is a Hausdor�, ample, e�e
tive and mini-mal groupoid, then the Steinberg algebra AK(G) issimple.
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Non-Hausdor� Theorem A(Clark, Exel, Pardo, Sims, Starling 12/6-2018)If K is a �eld and G is a se
ond-
ountable, amplegroupoid su
h that G0 is Hausdor�, then AK(G) issimple if and only if the following three 
onditionsare satis�ed:(1) G is minimal(2) G is e�e
tive(3) for all non-zero f ∈ AK(G) the support of f hasnon-empty interior.
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RemarkThere do not seem to be a way to proveNon-Hausdor� Theorem A using Theorem B.

QuestionIs it possible to prove Non-Hausor� Theorem Ausing Theorem D (or even Theorem C) ?
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Thank you!
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